Google 



This is a digital copy of a book that was preserved for generations on Hbrary shelves before it was carefully scanned by Google as part of a project 

to make the world's books discoverable online. 

It has survived long enough for the copyright to expire and the book to enter the public domain. A public domain book is one that was never subject 

to copyright or whose legal copyright term has expired. Whether a book is in the public domain may vary country to country. Public domain books 

are our gateways to the past, representing a wealth of history, culture and knowledge that's often difficult to discover. 

Marks, notations and other maiginalia present in the original volume will appear in this file - a reminder of this book's long journey from the 

publisher to a library and finally to you. 

Usage guidelines 

Google is proud to partner with libraries to digitize public domain materials and make them widely accessible. Public domain books belong to the 
public and we are merely their custodians. Nevertheless, this work is expensive, so in order to keep providing this resource, we liave taken steps to 
prevent abuse by commercial parties, including placing technical restrictions on automated querying. 
We also ask that you: 

+ Make non-commercial use of the files We designed Google Book Search for use by individuals, and we request that you use these files for 
personal, non-commercial purposes. 

+ Refrain fivm automated querying Do not send automated queries of any sort to Google's system: If you are conducting research on machine 
translation, optical character recognition or other areas where access to a large amount of text is helpful, please contact us. We encourage the 
use of public domain materials for these purposes and may be able to help. 

+ Maintain attributionTht GoogXt "watermark" you see on each file is essential for informing people about this project and helping them find 
additional materials through Google Book Search. Please do not remove it. 

+ Keep it legal Whatever your use, remember that you are responsible for ensuring that what you are doing is legal. Do not assume that just 
because we believe a book is in the public domain for users in the United States, that the work is also in the public domain for users in other 
countries. Whether a book is still in copyright varies from country to country, and we can't offer guidance on whether any specific use of 
any specific book is allowed. Please do not assume that a book's appearance in Google Book Search means it can be used in any manner 
anywhere in the world. Copyright infringement liabili^ can be quite severe. 

About Google Book Search 

Google's mission is to organize the world's information and to make it universally accessible and useful. Google Book Search helps readers 
discover the world's books while helping authors and publishers reach new audiences. You can search through the full text of this book on the web 

at |http : //books . google . com/| 



BIBLIOGRAPHIC RECORD TARGET 

Graduate Library 
University of Micliigan 

Preservation Office 

Storage Number: 



ABR0608 

ULFMTBRTaBLmT/C DT 09/12/88 R/DT 09/12/88 CC STATmmE/Ll 

010; : I a 14017645 

020/1: : |c$1.60 

035/1: : j a {RLIN)MIUG86-B49322 

035/2: : | a (CaOTULAS)160121935 

040: : | c MiU |dMiU 

050/1:0 : | a QA551 | b .D7 

100:1 : I a Dowling, Linnaeus Wayland, | d 1867- 

245:00: | a Analytic geometry, | c by L. Wayland Dowling and F. E. Turneaure. 

260: : 1 a New York, | b H. Holt and company | c [cl914] 

300/1: : | a 2 p. L., iii-xii, 266 p. Ibdiagrs. |c21cm. 



490/1:0 
650/1: 0: 
700/1:1 



I a American mathematical series. E. J. Townsend, general ed. | v }■ 

I a Geometry, Analytic 

I a Turneaure, F. E. | q (Frederick Eugene), | d 1866- 



998: : |cRSH |s9124 



Scatuied by Imagenes Digitales 
Nogales, AZ 

On belialf of 

Preservation Division 

Tile University of Michigan Libraries 



Date work Began: _ 
Camera Operator: _ 



Hosted by 



Google 




Hosted by 



Google 



Hosted by 



Google 



Hosted by 



Google 



american ilDatbematical Series 

E. J. TOWNSEND 



GENERAL EDITOR 



Hosted by 



Google 



Hosted by 



Google 



ANALYTIC GEOMETRY 



L. WAYLAND BOWLING, Ph.D. 

A^ociATB Profissor of Mathematics 
Univlrsity or Wisi 



F. E. TURNEAURE, C.E. 

Dean of the Cou-bqe of Engineering 

Univfjisitt op Wisconsin 



Exhibit Collection of Mathematioal Text Books 



NEW YORK 
HENRY HOLT AND COMPANY 



Hosted by 



Google 



HENRT HOLT AND COMPANY 



Hosted by 



Google 



PREFACE 

In accordance with the general plan of this series of textbooks, 
the a,uthors of the present volume have had constantly In mind 
the needs of the student who takes his mathematics primarily 
with a view to its applications as well as the needs of the student 
who pursues mathematics as an element of his education. 

The processes of analytical geometry find their application, for 
the most part, in the scientific laboratory where it is often neces- 
sary to study the properties of a function from certain observed 
values. The fundamental concept is, therefore, that of functional 
correspondenoe and the methods of representing such correspond- 
ence geometrically. For this reason rather more than usual 
attention has been given to these subjects (Chapter III; also 
Chapter IX, Arts. 135 to 140). 

An intelligent appreciation of functional correspondence re- 
quires an intimate knowledge of the relation between an equation 
and the graphical representation of the functional correspondence 
determined by the equation. Such a knowledge is most easily 
obtained by a study of linear equations and equations of the 
second degree together with their corresponding loci. This knowl- 
edge is not only of importance to the student of applied mathe- 
matics, but it has a special disciplinary value for the general 
student. 

The standard forms of the equations of a number of important 
loci are developed early (Chapter IV), and the properties of these 
loci are discussed in detail later (Chapters VI and VII) by means 
of the equations already at hand. By this arrangement, it is 
hoped that some unnecessary repetition has been avoided. 

The equations of tangents to the conic sections have been 
derived by means of the discriminant of the quadratic equation 
whose roots are the 3;-coordinates of the points of intersection 
with a variable secant, rather than by means of the derivative. 
This course has been adopted, first, because the geometric inter- 



Hosted by 



Google 



iv PREFACE 

pretation of the discriminant is important in itself; and, eeeond, 
because the use of the derivative ought, logically, to be preceded 
by a chapter devoted to its definition and the methods for finding 
it, at least for algebraic functions. Moreover, the use of the 
derivative for finding the equations of tangents is only one of 
its many applications, S"o student should feel that his mathe- 
matical education is complete without a knowledge of the calculus, 
where he will become familiar with the derivative and can appre- 
ciate its usefulness in many directions. 

The present volume is designed for a four-hour, or a five-hour, 
course for one semester, but may be shortened to a three-hour 
course by omitting certain parts of the text. For example, Art. 
105 may be omitted without marring the continuity of the course. 
Again, Arts. 110, 111, and 112 contain all that is essential in 
dealing with the general equation of the second degree in two 
variables, and the remainder of ( hipter Mil can tl eref ore le 
omitted from the longer course. Parts of Chapter IV can also 
be omitted according to the needs of the student ihe chipteis 
on solid analytic geoinetvy have bee idde 1 for the benefit of 
those students who have time only f i ai outl ne of the s bje t 
matter. No apology is therefore offered for the merger treit ent 

The authors desire to express tl e r appreciat on to the r ol 
leagues of the University of W scons a d of the Un versity 
of Illinois for the assistance an 1 the oa y 1 eli £ul s ggest ons 
given them during the preparation of tl e book They are nde 
especial obligations to Professor \\ H B ssey of the Un vers t^ 
of Minnesota ; Professor S. C. Davisson, of the University of 
Indiana; Professor J. L. Markley, of the University of Michigan ; 
and Professor E. J. Townaend, of the University of Illinois, for 
their care and assistance in seeing the book through the press. 
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ANALYTIC GEOMETRY 



INTRODUCTION 

A, The quadratic equation. For convenience in reference the 
following formulas and tables are introduced. 

Any quadratic equation may be written in the form 

The two roots of this equation are 

By addition, x^ +x.^ = -~ -. 

By multiplication, XiX^ ^ -. 

The sum and the product of the roots can therefore be found 
directly from the equation without solving. 

The character of the roots depends on tlie quantity under the 
radical, 6^ — 4 ac. 

If b^ — iac> 0, the roots are real and unequal, 
if b^ — iac = 0, the roots are real and equal, 
if &^ — 4 ac < 0, the roots are imaginary. 

The expression b^ ~iae is called the discriminant of the 
equation, and when placed equal to zero expresses the condition 
which must hold between the coefBcients, if the two roots of the 
equation are equal. 

B. Trigonometric formulas. If A, B, and C are the angles of a 
triangle and a, b, c are respectively the lengths of the sides 
opposite, then : 
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INTRODUCTION 


(!) Law of sin 


sin^ sinB slnC 
a h c ' 


(2) Law of cos 


ines: 




&2 = oS + cS _ 2 „c cos B, 




Ba^MS + 6S_2«6cosC. 


(;j) Law of tangents : 




ia.\il{A ^-B) ^ ^ 
t&aUA-B) «-6" 



u4(idj;jo)( formulas. If ^ and B are any angles, thei 
sill (^ ± B) = sin ^ cos B ± sin B cos ^, 
cos {A ± B) = cos A COB B T sin ^ sin B, 
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C. TABLES 

Common Logarithms 
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5856 
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SOTS 
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Common Logarithm 
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403.4 


2.606 


0.002 7.304 


1.6 


0.470 


4.953 0.695 


0.202 9.305 


7.0 


1.940 


1096.6 


3,040 


O.OOl 6.960 


1.7 


0.531 


5.474 0.738 


0.183 9.262 


8,0 


2,079 


3981.0 3.474 


0.000 6.526 


1.8 




6.050 0.782 


0.165 9.218 


9.0 


2.197 


8103.1 


3.909 


0.000 6.091 


l.» 


0^642 


6.686 0.825 


0.160 9.176 


10.0 


2.303 


22026 


4.343 


0.000 6.657 



logj a = (logio x) ^M; M= .4342944819 - 
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PART I 

PLANE ANALYTIC GEOMETRY 

CHAPTER I 
SYSTEMS OF COORDINATES 

1. The linear scale. Analytic geometry ia based upon a geo- 
metric representation of numbers. 

Choose a straight line AB of indefinite length and upon It a 
fixed point 0. With a convenient unit lay off the equal distances 
OP,, P,P^ P,P^, ... to the right, and 0Q„ Q,Q^, Q^Q„ ... to the 
left. We will now agree that the points P„ P^, ij,-- shall 
represent the positive integers 1, 2, 3, ••■, respectively, and the 
points Qi, Q5, Q^, ■-. shall represent the negative integers —1, 
— 2, — 3, •■-, respectively. 



The intervals along the line AB can be divided into fractional 
parts of the unit, thus obtaining points representing fractional 
numbers. For example, the point P bisecting the segment PjPa 
represents the positive number 1.5. 

The subdivision can be carried on indefinitely and we may 
infer, finally, that the following statement and its converse hold 
concerning this representation, 

Each of the points on the line AB represents a number ; namely, 
that number which expresses the distance and direction of the point 
from in terms of the unit chosen. 

Conversely, if x is a positive (or negative) number, it is repre- 
sented hy apoint x units to the right (or left) of 0. 
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8 SYSTEMS OF COORDINATES [Chap. I. 

The line AB, together with the points constructed as explained, 
is called a linear scale. It is the geometric equivalent, or graphic 
representation, of the system of real numbers. 

The point is called the origin ; it represents the number zero. 

The scale on a thermometer is an example of a linear scale. 
Here the points on the scale represent the numbers expressing 
degrees of temperature. 

EXERCISES 

1. Construct a linear scale using half an inch for the unit. On this scale, 
mark the pouita representing 3, J, — 2, — 2|. 

2. Is the scale on an ordinary carpenter's square a linear scale ? Where 
ia the origin ? 

3. If the origin of the scale is moved two points to the left, how will this 
afEect the numbers represented by the scale ? If the origin is moved two 
points to the right, how will the numhers be affected ? 

*. The freezing and boiling points on a Fahrenheit thermometer are at 32° 
and 212° respectively, while on a centigrade thermometer they are placed at 0° 
and 100°. Compare the nnits of these two scales. Five degrees below zero 
on the centigrade ia equivalent to what reading on the Fahrenlieit ? Con- 
struct the two scales in this exercise. 

2. Directed segments, directed angles. It 
is frequently necessary to distinguish be- 
tween the two directions in which a seg- 
ment may be laid off on a given straight 
line. This is done by calling one direction 
positive and the other negative. Thus, if 
' '"■ "" we agree to call 

the direction from ^ to ii (Fig. 2) posi- 
tive, then we shall call the direction from 
B to ^ negative. Expressed in symbols, 

AB = - BA. 

Segments of a straight line to which a 
direction bas been attached are called 
directed segments. 

In a similar way, an angle can be 
directed. For example, the acute angle 
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Arts. 2, 3] DIRECTED SEGMENTS, DIRECTED ANGLES 9 

shown in Fig. 3 can be described by a line rotating with the 
hands of a clock, or clockieise, from OB to OA ; or counterclockwise, 
from OA to OB. It is customary to consider counterclockwise 
rotation as positive, aiid clockwise rotation as negative. Thug, the 
acute angle AOB is considered as a positive angle and the a«ute 
angle BOA, as a negative angle. In symbols, 



AOB = - BOA. 



If 



3. Addition of directed segments, addition of directed angles 
AB, BC, and AC are three directed segments along the same line 
(Fig. 4), then the equation 

AB + BC = AO 



has the following simple interpretation ; namely, a point moving 
along the line from A to B and then from B to C is in the saiue 
final position as it would have been had it moved directly from A 
to C. With this interpret-ation, the above equation is readily 
seen to hold however the points A, B, and C are situated with 
respect to each other. 
Again, we have 

AC- AB = AC+ BA=BA + AC= BC. 



Similarly, the equation 

AOB + BOG= AOC (Fig. 5) 

is interpreted as follows ; rotation 
through the angle AOB and then 
through the angle BOC is equivalent to 
rotation through the angle AOC. 
Again, 
AOC - BOO = AOC + COB = AOB. 
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SYSTEMS OF COORDINATES 



EXERCISES 

1. Construct a linea,r scale, using half an inch for the unit, and mark the 
points A, five units to tho right of the origin, and B, three units to the left 
of the origin. State [the geometric meanii^ of OA — OB, of OB — OA, of 
OA + AB. What directed segment is equivalent to each ? What is the 
numerical value of each P Is there a directed segment in the figure equiva 
lent ta 0A+ OB? 

2. What is the difference in absolute temperature between ~ 5° Fahren- 
heit and 20^ centigrade ? 

3. Represent geometrically the difference in time between 10 a.m. and 
3 P.M. aa the difference between two directed angles. 

4. In surveying, the azimuth of a line is its direction expressed in degrees, 
measured from tho South point around towards the West, or clockwise. 
Thus the azimuth of a Hue running due North is 180° ; of a line running due 
East is 370° i etc. 

What is the azimuth of a line running N 25" E ? Of a line r 
N 10= W? 

5. What ia the difference in azimuth between two lines, one r 
S 40° W and the other S 10° E P 

6. What ia the difference in azimuth between two lines, one r 
S 40° E and the other N 25° E ? 

4. Position oi & point in a plane. When we have once chosen 
a unit of distance, one number is sufficient to locate a point on a 
line ; namely, the number expressing its distance and direction 
from a fixed point, the origin (Art. 1). 

It requires two numbers to locate a point in a plane and these 
numbers are called the coijrdinateB of the point. 

The coordinates of a point may be chosen in many different 
ways. Any particular way of choosing them gives rise to a 
system of coordinates. There are two systems of coordinates in 
common use ; namely, cartesian coordinates, named after Ren^ 
Descartes, who first used this system (1637), and polar coSrdi- 
nates. These systems of coordinates will be explained in the 
succeeding articles. 

5. Cartesian coordinates. Choose two linear scales OX and 
OY (Fig. 6) with their origins coinciding at 0. Through any 
point P in the plane XOY draw parallels to OX and OY, meet- 
ing OY and OX in i' and D, respectively. The numbers repre- 
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Arts, 4-6) RECTANGULAR COORDINATES 11 

sented by D and E on tlieii- respective scales are the cartesian 
coordinates of P. By article 1, these coordinates express the dis- 
tances and directions of D 
and E from in terms of the 
unit chosen ; or the distances 
and directions of P from OY 
and 0-X measured along par- 
allels to OX and OY, re- 
spectively. Thus, if X and y 
denote the numbers repre- 
sented by the points D and 
E, respectively, the coordi- 
nates of P are 

x=OD=EP 
and y = OE = DP. 

In the same way, the coordinates of P, are 

x, = OD^ = E,Pj and y^, = OE, = D,P,. 

Hence any point in the plane XOY has an a)-co6rdinate and a 
^-coordinate represented by points on the scales OX and OY, 
respectively. 

Conversely, any two numbers x and y serve to locate a point 
in the plane. For, let D and E be the points representing x and 
y upon their respective scales. Through B draw a line parallel 
to OY, and through E a line parallel to OX. These parallels 
meet in a single point P; the point whose coordinates are x and y. 

The scales OX and OY are called the coordinate axes, or sim- 
ply the axes. OX is called the JT-axia, and OY the F-axis. 

The segment OD is often called the abscissa of the point P; and 
the segment DP the ordinate of P. 

The units of distance used in constructing the two linear scales 
OX and OF are usually taken to be the same, but it is not neces- 
sary to take them so. In many cases it is more convenient to 
use different units. 

6. Rectangular coordinates. The coordinate axes may intersect 
at any angle, but it is generally simpler to take them perpendieu- 
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lar to each other. In this ease, cartesian coordinates are called 
rectangular coordinates. 

In rectangular coordinates, the axes divide the plane into four 
quadrants named first, second, third, and fourth quadrant as 
indicated in Fig. 7. 



The algebraic signs of the coordinates of any point depend 
upon the quadrant in which the point lies. Thus, 



p,„. 


. „ <,.„.„, 


. 






I 


+ 


+ 




II 


— 






III 


_ 






IV 


+ 


- 



Conversely, the algebraic signs of the coordinates determine the 
quadrant in whichthe point lies. For example, if x=—5 and y=3, 
the point lies in the second quadrant as indicated in. the figure. 

7. Notation, The notation P = {a, 6), or P{a, b), indicates that 
the coordinates of the point P are 

x — a and i/ = b. 
The ir-coordinate is always written first. For example, to indi- 
cate the position of the point P in Fig. 7, we write P=(~ 5, 3), 
or P(- 5, 3). 
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POLAR COORDINATES 



EXERCISES 

1. Draw the axes OX, OY and locaW the following poiots : (^, 3), 
(2, -J), (0,5), (5,0). 

2. Where are the points located for which a: = ? Tor whicli x = 1? 
For which y = 0? For which y =—19 

3. By means of a geometrical construction, locate accurately the points 
(-1^2, 3), (V3, Va), (VS, Vfi). Can the point (0, ir) be located accurately P 

4. The aiea OX, Y are perpendicular to each other ; locate the points 
Pis(l, 2), P2S(5, 5), and P3 = (5, 2). Find the lengths of the adea of 
the triangle PiPaP,. 

5. Let the axes OX, OY make an angle of 60 degrees with each other ; 
plot the points in the preceding exercise and find the lengths of the sides of 
the triangle P1P2P1. 

6. With rectangular coOtdlnatea, show tliat the points (2, 3), (2, — 1), 
(— 2, — 1), and (— 2, 8) form a rectangle. Find the lengths of the sides, 
the lengths of the diagonals, and the area of this rectangle. 

7. With rectangular coordinates, show that the points (1, 1), (3, 1), and 
(2, 2) form an isosceles triangle which is half a square. Find the coordi- 
nates of the fourth vertex, the lengtlis of the sides, tlie lengths of the diago- 
nals, and the area of the square. 

8. Polar coordinates. The position of a point P in a plane is 
also determined by its distance r, in terms of a given nnit of dis- 
tance, from a fixed point 0, 
caJled the origin or pole, and 
the angle $ which OP makes 
with the positive direction of 
a fixed linear scale OX, called 
the initial line or axis (Fig. 8). 
OP is called the radius vector, 
and the angle XOP the vec- 
torial angle, or simply the 
angle, r and 9 are tlie polar 
coordinates of P. The nota- 
tion P s (r, fl), OT P(r, 
nates of P. 

A given number r and a given angle 6 determine uniquely the 
position of a point in a plane with reference to a fixed origin and 
initiai line. For, imagine the initial line OX (Fig. 9) to be rotated 




), means that r and 6 are the polar coSrdi- 
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through the given angle 6 about into the position OX'. On 
OX' mark the point which represents the given number r. There 
ia hut one such point. For example, the point P(-~ 5, — 30") is 
obtained by rotating OX through the angle — 30° and marking 
the point 5 units from on the negative end of the scale OX'. 




On the other hand, a given point has many sets of polar coor- 
dinates. For example, the point P in Fig. 9 is (—5, —30°), 
(5, 150°), (~5, 330°), (5, -210°), etc. It is always possible, 
however, and usually most convenient, to choose the polar coor- 
dinates of a point so that the radius vector shall be a positive 
number, and < 6 S Sir. 

9. Belation between rectangular coordinates and polar coordinates. 
In Fig. 10, let be the origin and OX the initial line, so that 
the polar coordinates of 
any point as P are ; 

r = OP and B= XOP. 

Let OX and F be the 
^\ X- and y-axes, respec- 
tively, so that the rec- 
' 'x tangular coordinates of 



Now, wherever the point P may be located 
always have 



OD and y = 



DP. 
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:f + f 


= 1^. 








(2) 


.), we have 












= .re cos 5: 


= arc 




I. 




(3) 




X 




l'^ 


arc sin 


y 


± 


v^a" 


+ y' 


iVa:2 + yS 


= arctan|. 










(4) 
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From equations (1), by squaring aud adding, we obtain 

Also from equations (1), 

From (2) and (S), 
r=± Va^a _|_ y2 and B = 



Equations (1) serve to change the polar coSrdinates of a point 
into rectangular coordinates ; and equations (4) are used to change 
rectangular coordinates into polar coordinates. For example, the 
rectangular cofirdinates of the point P{— 6, — 30°) are 



Again, the polar coordinates of the point P(— 3, —4) are 
r = V9 + IB = 5, (9 = arc cos (- f)= are sin (- J)=- 233' 8'. 

In solving this problena, r was taken to be the positive square 
root of 25, ■Withr=-5, 

e = arc cos (|) = arc sin (|) = 53° 8'. 

EXERCISES 

1. Plot the points (3, -30"), /-4, ^V (3, 2 radians). T?ind the 
rectangular coordinates of these points. 

2. Find the polar coordinates of the points whose rectangular coordi- 
nates are (3, - 7), (4, 2), (- 3, - 5). Plot the points. 

3. Where do the points lie for which the radius vector is constant? 
For which the vectorial angle is constant ? 

4. If j; — 4 and r = 5, find y and 6. Is there more than one point satis- 
fying the given conditions ? 
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5, With a centigrade scale on the X-axis and a Fahrenheit sc^e on the 
F-axis, plot a number of points whose coordinates represent the same abso- 
lute temperature. For example (0, 32), (5, 41), etc. Try to show that all 
these pointn must lie on a straight line, and to tind where this straight line 
meets the Xans 

G Plot a number of points for which the radius vector is twice the 
abscissa Join the points plotted. Do they lie on a straight line ? 

7 Elevations of points on the ground above a fixed datum plane are 
sometimes expressed in meters, while the distances of these points from a 
given place of beginning may be expressed in feet. 

Plot the points whose elevations and distances are as follows: 
DiETiBci. Elevation 

100 feet 3.2 meters 

200 feet 6.0 meters 

250 feet 8.0 meters 

300 feet 7.0 meters 

400 feet 5,0 meters 

500 feet 3.0 meters 

600 feet -2.0 meters 
A broken line drawn through the points thus determinexj is called a 



8. Reduce the elevations of e: 



e 7 to feet and plot the si 



J three points A, B, 





A.,«.XH 


n...„o. 


A 
B 

C 


120- 
180^ 
240" 


lOrds. 
16rds, 
12rds. 



Make an accurate map of the triangle ABG. With as origin and OB 
as y-axis, compute the rectangular coGrdinates of A, B, and C. With as 
pole and OB as initial line, compute the polar coordinates of A, B, and V. 
10. Construct a scale on the X-axis, the unit of measure representing 



one foot ; and a scale on the T-axis, tt 
meter. Take one meter equivalent to 
whose coordinates represent the sam 
(6.56, 3), etc. Show that these points 1 
the origin, 



t of measure representing o 
eet. Plot a number of points 
ance, for example (3.28, 1), 
a straight line passing through 
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Art. 9] RELATION BETWEEN COORDINATES 17 

IX. Construct a scale on the X-axis representing British money, and a 
scale on the Y-axis representing American money. Take £ 1 equivalent to 
84.87, Plot a number of points whose coordinates represent the same value, 
for example (1, 4.87), {2, 9.74), etc. Show that these points lie on a straight 
line passing through the origin. 

12. Plot the points whose polar coordinates are (— 6, 20^), ( — 6, —315"), 
( — 4, — ), ( — 3, — |. Change the coordinates of these points so that r 
and e shall be positive, and P less than 3(i0°. 

13. Change the polar coSrdinates of the points in exercise 12 to rectan- 
gular coordinates. 

14. With a convenient unit, mark the points U and li on the X-axis, 
representing the numbers 1 and b, respectively. On the y-axis, mark a point 
A, representing the number a. Join AVo U, and through iJ draw a parallel 
to AU, meeting the I'-axis in C. Prove that (/represents the aumber ab. 

15. With a convenient unit, mark the point V, on the X-axis, represent- 
ing the number 1 ; and on the F-axis the points B and A, representing the 
numbers b and a, respectively. Join B to U, and throi^h A draw a parallel 
to BU, meeting the X-axis in the point C. Show that C represents the 

number — . 
6 

16. With a convenient wnit, mark the points U and A on the X-axis, 
representing the numbers — 1 and«, respectively (a being a positive number). 
On UA as diameter, draw a circle and prove that it meets the y-axis in points 
representing the numbers ± Va. In this way constrnet geometrically v^, 
V3, v'6. 
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CHAPTER II 
DIRECTED SEGMENTS AND AREAS OF PLANE FIGURES 

10. Projections upon the coordinate axes. Let P,Pi be any 

directed segment. Through Pi{xi, y,) and ^^{a^ ^2) draw parallels 
to the axes as shown in Fig. 11. " The segments AA a-^d EiE^, 
thus determined upon 
the axes, are called 
the projections of J'.Pj 
upon the X-axis and 
upon the Y-asis, I'e- 
apeotively. The pro- 
jections themselves 
are directed seg- 
ments, and therefore 
(Alt. 3) 



(1) 




E.E.. = E,0 + OE^ = - OE, + OE^ -- 



ya - Pi- 



If we call Pi the initial point and P^ the terminal point, the 
projection of PiP^ upon the X-axis is found by subtracting the 
ic-co6rdinate of its initial point from the a^coiirdinate of its 
terminal point. Similarly, the projection upon the I^axis is 
found by subtracting the ^coordinate of the initial point from 
the !/-eoordinate of the terminal point. 

11. Inclination and slope of a directed segment. Let the coiirdi- 
uate axes be rectangular. Through the initial point of a directed 
segment draw a line parallel to the X-axis, having its positive 
direction the same as that axis. The line P,D (Fig. 12) is this 
parallel. The positive angle through which it is necessary to 
rotate this parallel to make it coincide with the given directed 
segment is the inclination of the segment. Thus the angle DPiP^ 
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INCLINATION AND SLOPE 



A 



is the inclination of each of the directed segments in Fig. 12 
The inclination may have any value from 0° to 360° inclusive. 

The tangent of 
the inclination is 
called the slope of 
the directed seg- 
ment. Through P^, 
the terminal point 
of the segment, 
draw a line paral- 
lel to the y-axis 
and let it meet tlie 
parallel to the X- 
axis in Pj. The 
tangent of the 
angle DP^P^ is 

i*aPj is equivalent 

to the projection of P,Pj upon the F-axis and PiPj is equivalent 

to the projection upon the X-axis, Hence, 









B r~ 


y 




\^fv 




h 




(c) 



then 



But 




slope ofJ*jPa = tan I>P,J*2 



_ Vi- 



(2) 
2) to (2, 5) 



For example, the slope of the segment joining ( 

2 -(-4) 6- 
Although reversing the direction of a segment changei 
inclination by 180°, it does not change its slope. For, 

slope of P^P, = y'~y-' = slope of P^Pj. 



EXERCISES 

1, Determine the projections, tbe inclination, and tlie slope of eacli of 
tlie following directed 

(.) (- 2, 4), (S, «) 
(d) (- 3, 2), (- 2, - 

Draw each segment. 



(6) (-5,7), (-4, -2); (c) ( 
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2. It the coordinate axes make an angle of fiO° with each other, determine 
the angle which the directed segment {2, 1), (4, 2) makes with each axis. 

3. I5raw the triangle whose vertices are (1,3), (5,4), (2,6), usin;; 
rectangular coordinates. 

(a) Find the lengths of the projections of the sides upon the J-axis. 
What is the sum of these projections ? 

(b) Find the inclination of each side. How can the angles of the triangle 
be found from these inchnaUons ? 

4. Show that the sura of the projections of the sides of any triangle upon 
either axis is aero, provided that the sides be taken in order around the 

triangle, 

S. Fig. a represents a 
raUroad cutting in a side- 
hill The slope of the 
n itural surface is 1 : 4 and 
that of the proposed cut^ 
tinf. is 1 ; 2. At what 
heights above the bottom 
of the cut and at what dis- 
t mtes out from the center 
hue are the points of inter- 
section a and 6 ? 




6. Fig. b 

a,nd 20-f t. rif 
afi, be, etc., 
the member 
horizontal ax 



is the outline 
lof 80-ft.span 
:. The spaces 
ire equal and 
e Calculate 



the mcmbLis If ti] md '/i ii-- peryen inul 
the slopes of ac, 6/, /c, and ge with respect 

7. Calculate the slopes of cf and cA with respect to the line ne taken 
the horizontal axis. 

12. The length of a segment. 
The problem to find the dis- 
tance between two points whose 
coordinates are given, that is, 
the length of the segment join- 
ing them, depends upon the 
problem of finding the length 
of one side of a triangle when 
the other two sides and their in- 
cluded angle are given. Thus, 
with cartesian coordinates, let 
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Art. 12] THE LENGTH OP A SEGMENT 21 

-P|(^ii Hi)) P^i^i 3/2) ^^ the given pointa, and let the angle XOTt 
be 10 (Fig. 13). Draw parallels to the axes through Pi and 
i> forming the triangle P^P^P,. The sides P^P, and P^^ are 
known from the given coordinates of P, and P^, and the angle 
PiP^P.^ = the angle XOY= a. Therefore, by the law of cosines, 

P^ = F^Z^ + F^ - 2 Pi>3 . P^F^tm «.. (1) 

If PiPi is a directed segment, P,Pi and P3P2 are respec- 
tively equivalent to its projections npon the X- and F-axes, In 
terms of these projections, formula (1) becomes 

T,P^' = Pj{' + Pj^ + 2 Pj\ - I\J\ cos 01, (2) 

or (Art. 10), 

PiF^=(.a^ - xif + (vs - pif + 2(a;2 - a'OCya- Vi)vm a.. (3) 

With rectangular coordinates, to = 90° and the triangle P^P^Pi is 
right-angled at P,. We have, then, only to find tlie length of 
the hypotenuse, having given the other two sides. 

With polar coordinates, let P, = {r,, ^1) and Pj = (r^, ff^). In 
the triangle P^OPi, two sides and the included angle are known, 
hence 

PlPs^ = ri^ + V - 2 r^r^ cos {83 - B^). (4) 

EXERCISES 

1. The angle between the axes b«ing 46", tind the distance between the 
points (— 3, — 5) and (S, 2), 

2. Plot the points whose polar coordinates are (—3, ^| and (2, =^\ 
and find the distance between them. \ ' \ / 

3. The rectangular coordinates of Pi are (3, — 2) and the polar coordi- 
nates oEPj are (-5, 60°). Find the length of P1P2. 

4. The vertices of a triangle are situated at the points (5, — 2), (—4, 7), 
and (7, — 3), in recta,ngular coordinates. Find the lengths of the sides. 

5. Milwaukee is 80 miles east of Madison and 80 miles north of Chicago. 
What are the polar coordinates of Chic^o with respect to Madison as origin 
and the lino from Madison to Milwaukee as axis ? The polar co<5rdinat£8 of. 
Portage being [40, — 1 , find the distance from Chicago to Portage. 
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13. Angle which one segment makes with another. Let the seg- 
ments PiPj and QiQa produced if necessary, meet in the point A 
(Fig. 14). The angle which 
QiQi makes with P^P^ is de- 
fined as the positive angle 
through which it is necessary 
to rotate PiP^ about A until 
it coincides in direction with 
QiQi- In the figure, this 
angle is P^AQ^ which is 
clearly the difference be- 
tween the inclinations of the 
*''"■ " two segments. If 0^ and 6i 

are respectively the inclinations of Q^Q^ and PiP^ and ^ is the 
angle P^AQ^ then ^ ^g^ __ g^ ,^. 

Formula (1) holds only when 9^ > 6,. When fl, < 6„ the angle 
which QiQi makes with P,Pi is given by the formula 

as the student may easily verify. In either case 
tan $2 — tan 6, 




tan <f, = tan ( 



«,)= 



If WI2 and Mil are respectively the 
slopes of QiQj anti PiP-i, formula (3) 
becomes 



tan<|> = 



1 + tn^mi 



(i) 



As an example of the use of formula 
(4), we will find the angle which the seg- 
ment joining (3, 5) to (— 2, — 6) makes 
with the segment joining {— 1, 2) to 
(3^ — 4) (Fig. 15). Here m,, the slope 
of Q1Q2, isequalto — ^ and m,, the slope 
of PiPa is equal to -U-. Hence 



tan i^ = 



zt 



_37 



l-t» 23 



and ,^ = 58° 8', 
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PARALLEL SEGMENTS 



14. Parallel segments. Parallel segments either have eqnal 
inclinations, as at (a) (Kig. 16), or else their inclinations differ 
hy 180° as at (&). In either case, their slopes are the same 




(a) 




(Art. 11). For example, the segment joining (1, 2) to ( — 2, —3) 
is parallel to the segment joining (2, — 1) to (5, 4), since the 
slope of each is ^. 

15. Peipendicular segments. When two segments are perpen- 
dicular to each other, their inclinations differ by an odd multiple 
of 90° and therefore, in evei-y case, 



tan $2 = — cot Si : 



-^_L 



(1) 



Thus, the slope of each segment is the negative reciprocal of 
the slope of the other. 

Conversely, */ the product of the slopes of tmo segments is — 1, 
the segments are perpendicular to each other. For then the tangent 
of the inclination of one of them 
is equal to the negative of the 
cotangent of the inclination of 
the other. Hence, their inclina- 
tions differ by an odd multiple 
of 90° ; that is, the segments 
are perpendicular to each other. 

In Fig. 17, PjPj makes an 
angle of 90° with Q,Q,, but QiQj in; 
■PiA- 




i an angle of 270° with 
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EXERCISES 

1. Find tlie angle which the segment (— 3, 2), (4, — 1) makes with the 
segment ( — 3, 2), (8, 6). Draw the figure. 

2. Compute the lengths of the sides and tlie angles of the triangle whose 
vertices are (— 3, 2), (4, — 1), and (8, 5). Draw the ^ure. 

3. Show that the triangle whose vertices are (3, 2), (0, 3.5), and (1, G.5) 
is right-angled. 

4. Show that the segments (-3, 5), (3, 2) and {-1, 6), (3, 4) are 
parallel. Draw the figure and compute the perpendicular distance between 
the segments. 

5. Join the extremities of the segments in the preceding exercise and 
compute the area of the quadrilateral ao formed. 

fi. Draw the diagonals of the quadrilateral in the preceding exercise and 
find the acute angle which one makes with the other. 

16, Point bisecting a given 
segment. Let P, = (x^, y{) and 
Pj = (iCj, J/;) ; it is required to 
find the coordinates of the point 
P={x, y) bisecting the segment 
1\P^ (Fig. 18). The parallels to 
the axes through P muBt bisect 
the projections ZJiDj and E^E^ 
in D and E, respectively. Hence 
(Art. 10) 

= OD= OP, + l>iD = x,+' ^'^'Z ^^ , 






and y = OE=OE, +E^E = y, + ''^ ^ "^ , 

whence ^ _ ^t + ^3 „ _ ^t + ^a /j-. 

For example, the coordinates of the point bisecting the segment 
(1,3), (-3, -l)are 

.-1-3 1 
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Art, 171 POINT DIVIDING A GIVEN SEGMENT 25 

17. Point dividing a given segment in a given ratio. The results 
of the preceding article can be generalized. Thus, suppose the 
point P (Fig. 19) divides 
the segment PiP, so that 

P,P^^ 

PP^ 

Then the points D and E 
divide the projections of 
PiPj in the same ratio. 
Hence, 

PP\ i^A (a-=-«) ' 
P,P 



^■. 








^2 








E 




r 






^^.-^ 




E 


~n 













J>2 -S 



and 






equations for a; and y, we have 



(1) 



For example, to find the coordinates of the point dividing the 
segment P,s(2, i), P, = (— 3, - 2) in the ratio 2 ; 3, we have 
r = |. Substituting in the above formulas we find x = and 
.y = |. Hence the point (0, |) divides the given segment in the 
ratio 2:3. 

EXERCISES 

1. Find the coordinates of the points which bisect the sides of the tri- 
al.sle(2, 5), (-2, 2), (4, -5). 

2. In the preceding exercise, join the vertices lo the mid-points of the 
sides opposite and show that the points dividing each segment from vertex 
to opposite aide in tlie ratio 2 : 1 coincide. 

3. Generalize the preceding exercise and thus prove that the medians of 
any triangle meet in a point. 

4. Show that the points (2, 3), (4, 1), (8, 2) and («, 4) form a parallelo- 
gram, rind the coordinates of the mid-points of the diagonals. 

5. Find the coiirdinates of the points which trisect the segnieut (6, 4}, 
(-:j, 1). 
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26 DIRECTED SEGMENTS AND AREAS [Chap. IL 

6. Find the coSrdmates of the point P dividing the segment Pi = (3, 4), 
Pi^ (— 2, — 6) in the ratio 3 :5. Prove the result by calculating the lengths 
of the segments PiP, PF~ and showing that their ratio i8 j. 

7. The segment in the preceding ex- 
"" ' ercise crosses both axes. Find the co- 

ordinates of the points of crossing. 

18. Area of a triangle, one vertex 
at the origin. To find the area, of 
the triangle OPiPj (Fig. 20), let 
Pi = (^, y,),Pi={^i, yi), and AA- 
the projection of P,Pi upon the 
9!-axis. Then, if A represents the 
^"*- * required area, 

A = trapezoid PiAAA + triangle P^OA- triangle 01^?^ 

- (wi + y;)(^ - ^^) +Ms- Ml. 

2 ^22 

Hence, we have 




The expression x^y^ — x^y, is 
thus: 



L d-eterminanl and is often written 



In determinant notation, the formula for the area of the triangle 
is then 



For example, the area of tiie triangle formed by joining the 
extremities of the segment P, = (3, 1), P^ = (1, 3) to the origin is 

^|l 3|-*- 

19. Sign of the expression (iWiI/a — a^J/i)- The sign of the 
expression (xiy^ — ay/i) is not the same for all positions of the 
segment P.Ps- Tims, if P, = (3, 1) and Pj = (1, 3), the expres- 
sion has the value + 8, while for the segment Pi s (1, — 2), 
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Art. 19] SIGN OF THE EXPRESSION (xm-V^^i) 27 

,Pj = (— 1, 1)) which has the same length and the same slope as 
the former, the expression (x^t/^ — ^i!)d ^^^ ^^^ value — 1. 
Changing to polar coordinates by means of the relations 

3^ = r] cosfl,, y,= ri am$„ x^ = r^ cosCj, y^ = riS\a.8^ (Art. 9), 

the expression {x^y^ — x^,) becomes 

)-i)-j(cos $1 sin flj — eos 8^ sin $,) = nrj sin (Bi—d,). 

Since r, and rj may be considered as positive numbers (Art. 8), 
the sign of (x^^ — x^i) will be positive when sin (fi; — 6i) is posi- 




tive ; that is, when fl, — 6, it, an \ngle in the first, or the second, 
quadrant. In either case, the segment P P^ has a position such 
that, in passing from Pi to P the origin lies to the left as at (a), 
Fig 21. 

On the other hand, the expression (a;,^; — x^^) will be negative 
when 62—O1 is an angle in the third, or the fourth, quadrant; and 
then the segment PiPj bas a position such that, in passing from 
P, to Pj, the origin lies to the right ss at (6). 

Conversely, if the segment PjPj has a position such that the 
origin lies to the left (or the right) when the segment is traversed 
from P, to Pj, the sign of (x,y^ — x^i) will he positive (or nega- 
tive). For then the angle 6i — 0, must lie in the first, or the 
second, quadrant (or in the third, or the fourth, quadrant). Con- 
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28 DIRECTED SEGMENTS AND AREAS [Chap. II. 

sequently the area o£ the triangle OP,P.., which is ^ (x^y^ — x^^, 
is positive when the origin lies to the left, as at (a), Fig. 21, and 
negative when the origin lies to the right, as at (6), 

EXERCISES 

1. P, = {5,3) andi'ss(- 1, -3); determine the area of OP1P2, being 
the origin. Explain the sign of the result. Dram the figure. 

2. If O is the pole, show that the area of the triangle Oi'iPa is 

j!-ii-2Sin(S5-Si), 
where Pi^fri, Si) an^ P2=(r2, 9i). 

3. If Pi =[5, ^ ] ajid Fi = (3, - 30°), find the area of OP1P2. 

4. Giceni^=(3, - 60') and Pa = (3, 4), find the area of OPiPi- 

5. When the segment P1P2 passes through the origin, what is the value of 
the expression (a^ij/s — x^i) ? 

6. If Pi = (-3, 1) and Ps = (l, —2), in which qitadrant is the angle 
fl2 — Si ? JJraw the figure and find the area of OPi Pi. 




20. Area of a triangle, vertices in any position. Join the ver- 
tices of the triangle to the origin O. Let P,, 7*;, P^ (Fig- 22) be 
the vertices, taken in counterclockwise order about the triangle. 
The area of P^P^P^ is then given by the formula 

area PiPs^Ps = area OP1P2 + urea OJPaPg + area OPs^i- (1) 
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Art. 20] AREA OF A TRIANGLE 29 

Thus in (a), each of the component triangles has a positive area, 
by the preceding article, and their snm is obviously the area of 
PiPjFj. In (b), the areas of OP^P^ and OP^A are positive num- 
bers, while the area of OPiP, is a negative number. The alge- 
braic sum of these numbers is clearly the area of PiP^P^. Finally, 
in (c), the area of OPiPj is a positive number, while the areas <rf 
the remaining two triangles are expressed by negative numbers. 
The algebraic sum of these numbers is again the area of PiP^P,. 
Replacing the area of each component triangle in (1) by its 
value in terms of the coordinates of the vertices (Art. 18), we have 

areai»iJp2p3=i[(a;iy3-X3j/i>-Ka;ay8-'«8i'3) + (a58yi-»iy3)]. (2) 

The area can be expressed in determinant notation. Thus 

|«1 Wl 1| 
areaJ*iP.P3=l!a-a ya 1, (3) 

''^s Vi 1 1 
since, if the determinant is expanded, the result agrees with 
formula (2). 

The following is a convenient rule for computing the area. 

Let PiPiPs be the vertices, taken in counterclockwise order about the 
triangle. Arrange the coordinates in rows, thus 



multiply each x by the y standing in the next column to the right and 
add the products, thus 

multiply each y by the x, in the next column to the right and add the 
products, thus 

svbtra<^ the latter sum, from tJie former and take half the difference, 
the result is the area of the triangle PiP^Pi- 

For example, to find the area of the triangle whose vertices are 
Pi = (— 1, 3), P!S(3, 2), Pa = (5, 4) (Fig, 23), arrange the cofiniinates aa 
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in the rule being careful to note 
that the leitioes are taken in 
ciuiiter lockwiso order; thus 



-('* + \0-i)-\=5. 

If the vertices are taken in 

clockwia order about the tri- 

anjje the result obtained by u^inj; Inrmula (>) jr formula (3) or the rule 

just stated will be numerically tlio same but will be n 

student may easily verify 




EXERCISES 

1. Find the area of the triangle whose vertices are (2, - 6), (- i), 7), 
(8, 3), 

2. Find the area of the triangle whose vertiees are (— 1, — 2), (2, 1), 
and (3, 2). Explain the result. 

3. Find the area of the triangle whose vertices in polar coordinates are 
h, iJ, {-a, ^V and ^2, ^y Draw the figure. 

4. The vertices of a quadrilateral are (- 1, 6), (8, 10), (10, - 2), and 
(— 5, — 8), Compute the area of the quadrilateral by dividing it into two 
triangles. Draw the figure. 

5. When three points are in the same straight line, they are said to be 
coUineat. Show that the points (1. 3), (3, 1), and (4, 0) are collinear. 

6. Where will the line joining the points (2, 6) and (8, 6) meet the azea ? 

7. If Pi{xi, ji), PaC^s, fft), and Pj(*s, y,) are three ooUtnear points, 
show that 

1^1 'ji 1| 
\x2 Si 1 =0. 



State and prove the 

31. Area of any polygon. Formula (2) of ajticle 20 can be 
extended to find the area of any polygon when the coordinates of 
the vertices are given. Thus when the vertices, taken in counter- 
clockwise order about the polygon, are joined to the origin, a 
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AEEA OF ANY POLYGON 




number of component 
triangles are formed 
(Fig. 24). It is geo- 
metrically evident that 
the algebraic sum of 
the areas of these tri- 
angles is the area of 
the polygon. A con- 
yen lent rule for com- 
puting the ai'ea of a 
polygon is, therefore, 
obtained by extending 

the rule in Art. 20. Thus, write the x's over the y's and form the 
cross-products : 

y, 2/2 y> y*-y^ ik- 

The required area is then 

(1) 

For example, to find tie area of the quadrilateral whose vertices are, in 

countercloelcwiae order (8, 10), (-1, 6), (-5, -8), and (10, -2), we 

^^^^ 8-1-5 10 8 

10 6 -8 -2 10 
and tlie area is, therefore, 

j[(48 + 8+ 10 + 100)- (-10 -30 -80 -16)]= 151. 



EXERCISES 

1. The vertices of a hexagon are (6, I), (3, -10), (-3, -5), (-12, 
0), (— i, 6), and (fl, — 4), Draw the hexagon and compute its area. 

2. A Burveyor finds that the corners of a four-sided field are situated, 
with respect to a north and south road and an east and west road, as 
follows: ^ = (25, 32), i(= (48, 65), C=(94, -10), and i>s(80, -40). 
UistAnces are measured in rods. Make a map of the field and compute the 
number of acres it contains. (160 square rods = 1 acre). 

3. From a point in a quadrangular field, the distances and directions to 
the comers are as follows: -4 = 120 feet, N. 65" E. ; .Bs216 feet, N. 32° W. 
C=820feet, S. 74° W. ; Z)s65feet, S. 23' E. Make a map of the field and 
compute its area. 
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32 DIRECTED SEGMENTS AND AREAS [Chap. II. 

4. Iti surveying, points are frequently located liy azimuth and distance 
from a given point, that is, by polar coordinateB. It frequently becomes 
necessary to plot the outlines of tracts of land determined in this way and to 
calculate areas. 

Draw the polygonal figure whose vertices are determined by the following 
azimuths and distances : 

125"= 115 feet Sii" 175 feet 

170° IttOfeet 15" 40 feet 

250° 200 feet 73° 10 feet 

(n) Calculate the coordinates of the vertices of this figure refen'cd to N. 
and S. and E. and W. lines through the given fixed point, as origin. 
(6) Calculate the directions of the sides of this figure, 
(c) Calculate the area of the polygon. 

5. Fig. 24 A represents a cross section of one side of a railroad cutting. 
Calculate the area of this section, using coiirdinates as shown. 

I railroad field booka the data for this 
pr blem would generally be recorded as 
folio vs : 
Center 



] 0.-'^t>.-'^12/\20y 



The ordinate, or depth of cutting, is writ- 
ten ibove and the distance out from the 
cen #r line {abselHsa) is written below. 
Tl e coijrdinates (J) are not actually re- 
corded as the number 8 is the fixed width 
of tl e bottom of the cut. Arranging the 
coordinates in the above man er the correct result is obtained by taking 
positive products alon" 1 a^ nil 1 nes sloping downwards towards the right 
(shovtn by full lines) and negat ve p oducts along the other diagonals (shown 
by dotted lines) . 

6, Compute the area of cross section given by the following cross section 
notes, left and right of the center line : 

Center 
(i) A A ^ W H H *! (i) 

What side slope of the finished cut has been assumed in this problem ? 

7. Drop perpendiculars from the vertices of a polygon upon the X-axis, 
as in Fig. 24. Show that the area of the polygon is the algebraic sum of the 
areas of the trapezoids thus formed. Compute the area of the hexagon in 
exercise 1 by this method. 
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CHAPTER III 

FUNCTIONS AND THEIR GRAPHIC REPRESENTATION 

22. Constants and variables. The numbers and magnitudes 
considered in mathematius are either constants or variablea. The 
coordinates of a fixed point are constants ; the coordinates of a 
moving point are variables. 

33. Functions. If to each given value of a variaUe x there corre- 
spond one or more valves of a variable y, then y is coiled a function 
ofx. 

As examples, the cost of a money order is a function of the 
amount; the temperature at a given place is a function of the 
time; the cost of insurance is a function of the age of the in- 
sured ; the distance a body falls freely in space is a function of 
the time the body has been falling. 

24. Notation. To denote that ^ is a function of x, the notation 
y=f(x) {read y equals /of x) is used. 

When several functions are to be considered in the same prob- 
lem, different symbols are used. Thus, y=f(x), y=f^{x), . . . 
(read y equals /i of x, y equals /^ of x, . . .). Or use is made of 
Greek letters, as y= ^{x), y = <ji{x), . . . (read y equals phi of 
X, y equals psi of a;, . . .). 

25. Determination of functional correspondence. A functional 
correspondence can be established, or set up, between two variables 
in different ways. Thus, the correspondence may be primarily 



I. By an equation connecting the tvro variables, as ^ = a^ ; 

II. By a table exhibiting corresponding values of the variables, 
as a table of logarithms ; 

III. By a curve drawn automatically, thus exhibiting graphi- 
cally the correspondence between two variables. 
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34 GRAPHIC RBPRBSBNTATION [Chap. Ill, 

3<i. Dependent and independent variables. If functional corre- 
spondence is established by an equation, the value (or vaUies) of 
the function can, in general, be readily computed for any value 
assigned to the variable x. Thua, for example, if y^2a?, the 
value of y is easily comjiuted for any assigned value of x. In 
general, y (the function) is called the dependent variable, and x, 
the independent variable. 

37, Graphic representation. A table of corresponding values 
of a function and the independent variable can be derived from 
the equation by assigning to the independent variable a series 
of values, arbitrarily chosen, and computing the corresponding 
values of the function. With these corresponding values of x 
and y as rectangular coordinates, a series ot points can be con- 
structed. The ordinates of these points, taken together, form a 
graphic representation of the function. For tlie functions con- 
sidered in this book, a cui've can be drawn through all the points 
constructed as above. This curve is called the graph oi the function. 
Thus, from the equation y = 2 a^, we obtain the following table of 
corresponding values : 

x = -ii, -1, -1, 0, 1, 2, 3 4 

y= 18, 8, 2, 0, 2, 8, 18 >2, 

The process of constructing the points whose coordinates are 
given in the table and drawing the curve through them, is called 
plotting. Pigure 25 shows the completed gixph In constiucting 
this graph, the unit of the scale on the Y axis was taken four 
times as great as the unit on the F-axis m oider to lepiesent 
more of the curve within a small compass (cf Art 5) The cur\ e 
shows at a glance the change in value of the function for any 
given change in value of the independent variable j. T"oi exam- 
ple, as X changes from — 3 to +Z, the point which represents it 
moves from Di to D^. At the same time the function y first 
decreases from 18 to and then increases from to 18 

When a function ceases to decrease and begins to increase, or 
vice versa, it is said to have a turning point. Thus, the function 
y = 2 x' has a turning point at the origin. 
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35 



When a tun t on hds n j t irniiiB 1 1 mt'i it la ailed a monotone 
function. 

It is impDrtmt to know whetl ei t, functian liib t irning points 
or not, and if it lia'* to know foi what ^ il les of tl e independent 
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variable they exist. At a turning point, the function has a n 
imum or a minimum value. 



EXERCISES 

1. Draw tie graph of the lunctiou y = 2 x + 3. Find tlie coordinates of 
the points where the graph crosses the axes. Does the function have turn- 
ing points, or is it a monotone function ? 

2. Draw the graph of the function oKpressiug the law of falling bodies, 
s = 1 gt^. Take ? = 32 and corresponding values of 8 and ( as ordinates and 
abscissas respectively. Mate the unit of the scale on the (-axis ton times as 
great as the unit on the s-axis. Where is the turning point of the function s ? 

3. Draw the graph of the equation eipreasing Boyle's law, pc =^ k. Take 
k — i and corresponding values of j» and -o as ordinates and abscissas respec- 
tively. Make the units the same on each axis. Is j) a monotone function 
of V or not ? 

4. Make careful drawings of the graphs of the function y= a:" for n = — 1, 
0, 1, 2, and S. Us« the same axes and preserve the figures. For which of 
the given values of b is ^ not a monotone function oi x? 



Hosted by 



Google 



36 



GRAPHIC REPRESENTATION 



[Ce, 



-III. 



5. Draw the graph of the function 2/ = 4 — a^. Delennine the value of 
3, for which this function has a turning point. Has the function a maximum 
or a minimum value at the taming point ? 

6. IJraw the graph of the function j = i^ — 4 1 + 3. Determine the coOr- 
dinatea of the turning point, lias the function a maximum or a rainimom 
value at the turning point ? 

38. Single-valued and multiple-valued functions. When there 
corresponds but one value of the function to each given value of 
the independent variable, the function is called single-valued. If 
there is more than one value of the function corresponding to any 
given value of the variable, the function is called multiple -valued. 
For example, the function 1/ = 2 a^ is single-valued ; but the func- 
tion ^ = 2fl! is multiple-valued, since to each value of x there 
correspond two values of y. 

The following is a table o£ corresponding values for the func- 
tion y' = 2x. 

x= -2, -1, 0, 1, 2, 3, 4, ■-.. 

)/ = Tmag., Imag., 0, ± V2, ±2, ± V§, ± V8, ■■■• 
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Tlie graph is shown in Fig. 26, where the same unit is used for 
the scale on the y-axis as for the scale on the X-axis. 
The curves in Figs. 25 and 26 are called parabolas. 

39. Symmetry. A curve, or graph, is symmetricai with respect 
to a straiglU line when the line bisects aU tJie chords of tlte curve 
drawn perpendicular to it. 

For example, the parabola shown in Fig. 26 is symmetrical 
with respect to the T-axis and the parabola in Fig. 26 is sym- 
metrical with respect to the X-asis. 

As another example, consider the single-valued function 

3/ = 5^-6-^. (1) 

The following is a table of corresponding values : 

x^ V>, 1, 2, f, 3, 4, 5, ■■.. 

y = -&, ~2,0,\, 0, -2, -6, ■... 

The graph is shown in Fig. 27, where the units on the two axes 

are the same. We now see that the curve is symmetrical with 
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respect to a line parallel i 
point (-|-, 0). 

The symmetry is also 
equation (1) for x. Thus, 



■ the F-axis and passing through the 

hown, without plotting, by solving 

a: = |±Vi^, (2) 

and therefore, for a given value of y, x has two values represented 
by points equidistant from, and on opposite sides of, the point 
« = J. "VVe thus see that the line 
parallel to the y-axis through the 
point a; = 5 bisects the chords of 
the curve drawn perpendicular to it. 
Notice that the function has a 
turning point at a; = ^, that the 
value of y is there equal to \, and 
that this is the maximum value of y. 
A curve is aymmeti-ical with respect 
to a point if the point bisects all the 
chords of the curve dravm through it. 
For example, consider the func- 
tion y = 3?. The graph is shown 
in Fig. 28, where the unit of the 
scale on the X-axis is taken five 
times as great as the unit of the 
scale on the Praxis. We see that 
the origin bisects all the chorda of 
the curve drawn through it. Hence 
the curve is symmetrical with re- 
Fio. 28 spect to the origin. 

30. Intercepts, The distances from the origin to the points 
where a graph crosses the axes are called the intercepts. Thus, 
in Pig. 27, the curve crosses the X-axis twice, at two and three 
units to the right of the origin. The X-intercepts are -|- 2 and 
+ 3. The curve crosses the T^axis six units below the origin. 
The F-intercept is — 6. 

The X-intercepts are the roots of the equation of the graph when y 
is pvi equal to zero, and the Y-intercepts are the roots of the equation 
when X is put equal to zero. 
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EXERCISES 

1. Draw the grapli of the function y = x'^ — 2x — 5. Find t±ie position 
of the line of symmetry, the intercepts, and the coordinates of the turning 

2. Draw the graph of the function y, when y<' — 2y = 2x—1. Find the 
position of the line of symmetry and the Intercepts. Is y a single -valued, or 
iimltiple- valued function otx? 

3. Given yx = 4. Show that the line bisecting the first and third quad- 
rants is a line of symmetry. Find the coordinates of the points where this 
line meets the curve. Is y a monotone function of i ? A single-valued func- 
tion of ic? 

4. Show that the graph oi y = (x— ly + 2 is symmettioal with respect 
to the point (1, 2). 

5. Show that if an equation contains only even powers of y, the graph ia 
symmetrical with respect to the X-axis ; and if it contaios only even powers 
of X, the graph is symmetrical with respect to the T-axis. 

6. II y = ax'^ + bx + c, find the coordinates of the turning point. 

7. A rectangle is inscribed in a circle of radius 5. Eicpreas the area of 
the rectangle as a function of the length of one side. Draw the graph of the 
function thus found, and find the coordinates of the turning point. What 
is the length of the side of .the rectangle of maximum area inscribed in the 
circle ? 

8. A box is to be constructed having a square base and containing 108 cubic 
feet. The bos is to have no cover. Express the number of square feet of 
lumber required as a function of the length of the side of the base. Draw 
the graph of the function obtained and locate the turning point. What are 
the coordinates of the turning point ? What is the size of the box requiring 
the least amount of lumber to construct it ? 

31. Graph in polar coordinates. Let r be given as a function 
of $, then corresponding values of the independent variable and of 
the function can be regarded as polar coordinates of points. When 
r and 6 are connected by an equation, a table of corresponding 
values can be computed and plotted as in rectangular coordinates. 
The totality of radii obtained in this way forms a graphical repre- 
sentation of the function, and a smootli curve drawn through the 
plotted points is the graph of the function in polar coordinates. For 
example, let the function be given by the equation 
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The following is a table of corresponding values, $ being measured 
in radians : 



r = 0, 1.0472, 2.0944, 3.1416, 4.1888, 5.2360, 6.2832, -... 

A part of the graph is shown in Fig. 29. The curve is called i 
spiral of Archimedes, after its discoverer. 



/^ 


-<■. 




? 











EXERCISES 

1. Draw the graph of the equation r = - and cocnpare with the graph fn 
the preceding article. 

2. Draw the graph of the function r = -• The curve is called the recip- 
rocal spiral. 

3. How does the graph of i- = 2 -|- 1 differ from the graph in the preced- 
ing article ? 

4. If the abscissa of every point in Tig. 27, Art. 29, is diminished by 2! 
units, how will this affect the graph ? How will it affect the equation ? 
Write the new equation and draw the graph. Compare the graph with those 
in Arts. 27 and 38. 

5. In the spiral of Archimedes, let the radius vector rotate in the negative 
direction. Draw the curve and compare with the graph in Art. 31. 
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6. Draw the graph ot r = 38. How does this curve differ from the spiral 
of Archimedes in Art. 31 ? 

7. In Fig. 2S, the curve will cross the initial line when Is any integral 
multiple of «■. Why? What is the distance between any two consecutive 
points of crossing ? 

8. Draw the graph of r — aS, where a is any constant number. For what 
values of e does the graph cross the initial line ? What is the distance be- 
tween any two consecutive points of ci 



33. Algebraic functions. If the function and the independent 
variable are connected by an algebraic equation, that is, an equar 
tion involving only a finite number of the fundamental operations 
of addition, subtraction, multiplication, division, involution, and 
evolution, the function is called an a^ebraic functioo. Thus, for 
example, in each of the equations if=2x', y'=2x, y^— 5y + x=Q, 
sc= — 3 an/ + j^ = 0, ^ is an algebraic function of x. 

To find the value, or values, of an algebraic function for any 
given value of the independent variable, it is usually necessary 
to solve an algebraic equation. For example, if i/ — 5 y + x = 0, 
it is necessary to solve a quadratic equation to find the values of 
y for any given value of x. 

33. Transcendental functions. In many cases of great practical 
importance, the function and the independent variable are not 
connected by an algebraic equation, and then the function is 
called a transcendental function. The simplest examples of trans- 
cendental functions are furnished by the trigonometric functions 
and logarithmic functions. Thus, 

y = smx and y = logx 

are transcendental functions. 

To find the value of a transcendental function for a given value 
of the independent variable, use is made of a table. We thus 
have tables of logarithms and tables of trigonometric functions, 

34. Graphs of transcendental functions. Corresponding values 
of function and independent variable can be taken directly from 
the table and the function exhibited graphically in reetangulai 
coordinates or in polar codrdinates, as in the preceding articles. 
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(6) !«= == x\ 
(e) y = iogx, 



(a) y = tan a, 

2, Draw the polar graphs of the following functions. 
('»' '■ = ^' '^'■> '■ = 2«a-cosfl), 



CO »■ 



:<!(14 



,3S). 



3. Using the relations between rectangular and polar coordinates (Art. 9), 
ciiange the equations in exercise 2 to rectangular coordinates and plot ^ as a 
function of x. 

4. Change the equation (/) of exercise 1 to polar coordinates and plot r 
as a function of 6, 



O 



35. Geometric construction o( the graphs of trigonometric func- 
tions. The graphs of trigonometric functions can be constructed 
geometrically without the use of tables. For example, to eon- 
stnict the graph oi y~ sin x, let O be the origin (Fig. 30) and F 
the point representing ir on the scale OX. With any point A on 
OX as center and the unit of the scale on the F-asis as radius, 
draw a circle. Let BAP be any angle x measured in degrees. 
The perpendicular DP is then sin x. Take the distance Oiy so 
that 



OD' -.OF:: 



; 180°, 



then the point D' represents the angle x measured in radians on 
the scale OX. Through V draw the perpendicular to OX and 
through P the parallel to OX. Let these lines meet in P', then 
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p^P" = DP= sin X. Hence, is P describes the cirtle, P" describes 
the graph oiy = sin x. 

For convenience, divide OF into a number of equal parts and 
erect perpendiculars to OX through the points of division, then 
divide the quadrant BPO into the same number of equal parts 
and draw parallels to OX through the points of division. Each 
perpendicular meets its corresponding parallel m a point of the 
graph, as indicated in the figure 

The graph oi y ~ sin x is called the sinusoid, or wave curve. 

Trigonometric functions are periodic functions , that is, the 
value of the function is repeited ajjim and ag^in for values of 
the variable which differ by a constant Thus sin r has the same 
value when x is increased or decreased by any integral multiple of 
2 ff. Many of the phenomena m nature are also periodic. For 
this reason, trigonometric functions aie of great importance in 
the applications of mathematics 

EXERCISES 

1. By measuring angles from the lino fJA, Fig. 30, instead of from the 
line BA, show how to construct geometrically the graph oi y = eoRx. 

2. In Pig, 30, draw the tangent to the circle at B and let it meet the 
radius AF produced in K. Then BK is tan BAP (AB = 1); show how to 
construct geometrically the graph of y = tan x. 

3. Taking CA for the initial line, show how to construct the grapli of 
y = Cotx. 

4. Devise a method for eonatmcting geometrically tlie graphs oiy = sec x 

5. How i;an the graph of a trigonometric function be used to And the 
value of the funciion for any given value of the variable ? 

6. A point P deserihes a circle of radius a with the uniform velocity of A 
radians per second. Show that the period, that is, the time of one complete 

revolution, is r = — . 
k 

7. Let the center of the circle in the preceiliJig exercise be the origin of 
rectangular coordinates. Show that, at the end of t seconds, the coordinates 
of the point P are „ 
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Tlie kind of motion described by either of these equations is called a 
simple harmonic motion (S. H. M.), « is called the amplitude and T the 
period ot [he S, H. M. 

36. The exponential function. When the function and the in- 
dependent variable are connected by the equation 



y is called an exponential function of x. The constant a is called 
the base. The exponential function is transcendental, since y and 
X are not connected by an algebraic equation. 

37. Graph of the exponential function. The graph of the ex- 
ponential function can be constructed as follows ; From a point 
A on the X-axis (Fig. 31) lay off a unit AB and erect the ordinate 
BB^ e(iual in length to the base a. Draw the line ABi and also 
the line AZ making an angle of 45° with the X-axis. Xlirough 
Bi draw the parallel to the X-axis meeting AZ in 0^ and through 
C^ the perpendicidar to the X-axis meeting ABy in (?i and the 
X-axis in G. The segment GG^ is equal in length to a'; that is, 
the value of the function when x is 2. For, by similar triangles, 
AB : BBc- : AG : GCi, o^ 
l:a::a:CG„ 

since AG= GG^ = BB^ = a. Hence, C(7, = a\ 

Similajly, drawing the parallel to the X-axis through C^ and 
the perpendicular through C3, we can prove that DDi is equal in 
length to a*. Thus all the positive integral powers of a can be 
constructed geometrically. The negative integral powers can also 
be constructed by means of the parallels and perpendiculars. 
Thus, JOf, = a-\ KK^ = a"', etc. 

Let be the origin of coordinates and OF the F-axis, Con- 
struct parallels to the F-axis at intervals of a unit, thus forming 
a series of rectangles with the parallels to the X-axis. The 
graph oiy^a' cuts through opposite corners of these rectangles, 
beginning from the point (0, 1) and running each way. 

The exponential function has no turning points and is therefore 
a monotone function {Art. 27). It is important in representing 
physical phenomena which are not periodic, such, foi- example, as 
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the retarding effect of friction, the pressure of the atmosphere aa 
a fimotion of the altitude, etc. The exponential function is also 
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important in computing interest tables, since the amount j;, of £1 

for x years, at rate i compound interest, is given by the formula 

S = (1 + i)-. 

Frequently the base is taken to be e = 2.71828 ■■•, Tbe num- 
ber e is the base of the natural, or naperian, system of log- 
arithms. 

38. Inverse functions. If two variables are connected by an 
equation, or otherwise, either variable may be regarded as a 
function of the other. For example, in the equation )/ = 2 se^, we 
think of 2/ as the function and x as the independent variable, but 
we may regard a: as the function and y as the independent variable. 
Either o£ these functions, y or x, ia called the inverse of the 
other. 

It is convenient to retain tlie notation "y means function ando! 
means independent variable." Hence, to obtain the equation de- 
fining the inverse of a given function y, we have but to inter- 
change X and y in the given equation and then express y in terms 
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of X. Thus, in the above example, the inverse function is defined 
by the equation 

33-2/, or;/ = ±-^1 
Similarly, the equations 

y =: sin X and x = sin y, or y =: arc sin x, 
define a pair of inverse functions. Again, the equations 

y = a' and fc = a", or y = log^ x, 
define a pair of inverse fianctions. 

EXERCfSES 

1. Draw the graph representing the amount of $ 1 at 5 % compound in- 
terest aa a function of the time, interest being compounded annually. 

2. Show tJiat the following pairs of equations represeut inverse 
functions ; ^ 

(o) 1/ = a 3^ and y = ^^1 (&) y -Gx — 6 — x^ and y = ^ ± V\^^, 

(c) y = a' and ;/ = 1^^^, (d) j( = tan 2 ;c and ji = J arc tan a. 

3. Write tlio inverse of each of tlie following functions. 

(a) y - oos3 ^, (b) y = ^tai^, 

(c) y = \o?;,^, {d) y = x^-bx + &. 



4. Show how to oonstruct the graph of y = a'' from the graph of y = a' 
in Art. 37. How will clianging the sign of x aSeot any graph ? 

5. Given the graplis ol y = a' and y = a~' on the same coSrdinate axes, 
how can one construct geometrically the e'^ph oi y = "' ■ "^ " ? 

6. With tlid graphs of y^ainz and y = coBx on the same coordinate 
axes, construct geometrically the graph oty = ain x -f cos x. 

39. Graph of an inverse function. Since the inverse of a given 
function is obtained by interchanging x and y, the graph of the 
inverse function can be constructed by interchanging the coordi- 
nates of every point on the graph of the given function. Thus, 
if P (Fig. 32) is a point on the graph of the given function, P" is 
a point on the graph of the inverse function when 
OD' = DP and 1/F' = OD. 
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By this construction, P and P' are symmetrically situated with 
respect to the line OA bisecting the first and the third quadrants. 
As P describes the 
graph of the given 
function, P' de" 
scribes the graph of 
the inverse function. 
Hence, having given 
the graph of any 
function, we can ob- 
tain the graph of the 
inverse function by 
plotting points sym- 
metrically situated 
to the points of the 
given graph with re- 
spect to the line OA. 
Or we may consider 
the entire plane ro- 
tated through 180° about the line OA, carrying the given graph 
with it. The new position of the graph is the graph of the in- 
verse function. Tor example, let MN be the graph of y =a' 
(Fig. 32), where a is taken to be 2. Rotating the plane about OA, 
the curve assumes the position RS, symmetrical to MN with re- 
spect to the lino OA. Therefore RS is the graph of the inverse 
function y — log„ x. 




EXERCISES 
a 3* — (i — z^, draw the graph of the inverae 
the graphs of the following functions: 

arc sin I, (S) , = areOmi!, (c) j = 

a' and y = x^. 



3. Show that the graph oi y = - and the graph of the i 

coincide throughout. What condition must be satisfied ii: 
graph of any function shall coincide with the graph of its in* 



n verse function 
order that the 
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40. Observation. A functional correspondence between two variables 
is often establisiied by observation when no relation between the variables is 
known. Thus the temperature at a given place can he observed throughout 
the day and the results tabulated. The temperature can then be regarded 
as a function of the time, and the functional relationship can be graphically 
exhibited as in the preceding articles. In such oases the functional relation- 
ship is given in the form of a table of corresponding vaiues. 

41. Machines. Machines are devised to draw the graph automatically 
and thus avoid the necessity of making repeated observations. For example, 
tiie weather bureau has an inatrument to graph the temperature as a func- 
tion of the time. Coordinate paper is wound upon a clock-driven drum, and 
a pen is connected wiUi a thermometer in SQch a way that the rise and fall 
of temperature is recorded upon the paper at the proper time. Tlie record 
exhibits the functional relationship in the form of a grapi. Corresponding 
values of the function and the independent variable can be read from the 
graph as readCy as from a table. 

Otiier records exhibit functional relationship in the form of a graph upon 
polar coordinate paper. 

EXERCISES 

1. The foUowing table shows the length of a rubber cord in centimeters 
when stretched by a weight in kilt^raras attached to one end. Draw a curve 
representing approximately the graph of the length as a function of the 
weight. 

Weight .... .6 1.0 1,5 2.0 2.5 3.0 

Lengtii .... 10 10.1 10.3 10.6 lO.y 11.3 11.7 

Weight .... 3.5 4.0 4.5 5.0 5.5 6.0 

Length .... 12,2 12,7 13.3 13.9 14.6 15,3 

2. The number of deaths per hundred thousand lives, according to the 
American experience table of mortality, is as follows : 
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3. The net annual premium for an aasurauce of § 1000 for life, according 
n tlie American experience table of mortality, interest at 3 %, 13 as follows : 
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Draw a curve representing the graph of the premium as a function of the 
4, The cost of a money order depends upon the amount as follows : 
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i I'opresenting the graph of the c 



s a function of the 



S. Figure 33 A (p. 50) i-epreseuts a thermc^aph for April 12, 13, 
and 14. The ordinates are made curvilinear to allow for the pivotal motion 
of the drawing pen. 

Determine the maxima and minima temperatures between noon of 
April 12 and noon of April 14. When was the temperature highest ? When 



6. Figure 33 B (p. 51) is a steam pressure gauge on polar coordinate 
paper. The radii are made curvilinear to allow for the pivotal motion of 
the drawing pen. 

Determine the time of greatest pressure. The time of least pressure. 

7. By means of the table of exponential functions (page V), make a 
careful drawing of the graph of y = e'. From the graph thus made con- 
struct the graph oty = «-'. Compare the readings from the graph with the 
values of e'" taken froni the table. 

from the graph oi y = e', construct the graph of j = — e'. 
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8. Haying ^ven the graph of y =f{x), show how to obtain the graphs 
at y ^ f{-x), y =- fix), ani y ^- f{~ X). 

9. According to Boyle's law, the volume of a gas is inversely propor- 
tional to the pressure which it sustains. If a volaue of 4 cubic feet sustains a 
pressure of I atmosphere, write the equation expressing the volume as a 
function of the pressure. Draw the graph of this function, 

10. The increase in length of a metal bar is proportional to the tempera- 
ture to which the bar is subjected. If tlie bar is 1 foot long at 0° temperature 




and I 0(X)4 feet long it temp utari, wiitc the e^uitioi expresing the 
length as a function of the tempenture Draw the graph of this fur ction 

11 rbe intensity of light is m^erseiy proportional to the square of the 
distance from the source of the light Write the equation e-spressing the 
intensity as a function jf the distance Draw the gnph of th s function. 
If the intensity of light at a point on the earth directly underneath the sun 
IS taken as the unit of intensitj calrultte the intensity of light on the planet 
Venus at a point directly underneath the sun. Take tlie distance from the 
earth to the sun as 95,000,000 miles and the distance of Venus from the sun 
as 67,000,000 miles. 
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Calculate the monthly (30 days) till of a 
representing the graph of the amount of the bill ai 
of gallons consumed per month, 

13. A certain mixture of concrete cont^ns 1.4 barrels of cement per 
cubic yard of concrete. If the cement costs $ 1.20 per barrel and the sand 
and crushed stone cosls 82.10 per cubic yard, write an equation expressing 
the coat of the concrete aa a function of the number of cubic yards. Draw 
the graph of this function. 

14. Express the area of a circle as a function of the radius and draw the 
graph of the function. 

15. Draw the graphs of ^ = sin lb and y = cosx on the same coordinate 
axes. From these graphs construct the graph of the function 
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CHAPTER IV 
LOCI AND THEIR EQUATIOHS 

43. LocuB of a point, equation of locus. When a point P{x, y) 
moves in tlie plane, the path it describes is called the locus of 
the point. The coordinates x, y are then variables (Art, 22). 

If the point P{x, y) moves according to a given law, this law 
will lead to an equation connecting x and y called the equation of 
the locua. The equation of the locus defines y as a function of x, 
and the locus itself is the graph of this function. As an example, 
suppose P moves so that it is constantly at a fixed distance from 
a fixed point A. We know, then, that the point describes a circle. 
This cii-cle is the locus of the point P. The point P moves 
according to the given law 

AP = constant, 

and we shall see that this law leads to an equation connecting 
the variable coordinates x and y. 

43. A fundamental problem. When the law which governs the 
motion of a point is given, a fundamental problem presents itself; 
namely, to find the equation of the locus. For example, suppose 
a point moves so that it is always equidistant from the points 
F=(l, 2) and F,=(3, 1) (Fig. 34). To find the equation of the 
locus, let P{x, y) be any point equidistant from F and -Fl. Then, 
by the given law, ^^ ^ p^ ^. 

for all positions of P. But 

PF=^(x-lf+(i^^ and PF, = ^{x-2,y+iji-lf. 
Therefore we have 



■s/{x - iy+{y - 2y=^ix-&y+{y^l)\ 
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which reduces to ix — 2y — B — 0. (3) 

This is the required equation. Tlie locus is the perpendicular 
bisector of the segment FF,. 

The following property and its converse are characteristic of this 
locus and its eqiiation; namely, the coSrdinates of every point 
on the locus satisfy equation (3). For, if the point is on the 




locus, it is equidistant from F and Fj. Therefore its coordinates 
satisfy (2) and consequently (3). 

Conversely, if the coordinates of any point satisfy equation (3), 
the point is on the locus. For then the coordinates of the point 
also satisfy equation (2), and the point is therefore equidistant 
from F and F, ; that is, the point is on the locus. 

44. General definition. The property just proved for the 
special locus in Fig. 34 leads to the following definition : The 
equation of the locus of a point is an equation in the variables x and 
y ■which is satisfied by the coordinates of every point on the locus ; 
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and conversely, every point whose coordinates satisfy the equation 
lies on the locus. 

The locus of a point moving according to a given, law is, in 
general, a curve, and we shall often, speak of the equation of the 
locus as the equation of the curve.* 

The problem to find the equation of the locus when the law 
governing the motion of the point is given will be illustrated in 
the succeeding articles, where the equations of a number of im- 
portant curves are found and methods given for constructing the 



45. The circle. A point moves so that it in alwayx r uniLi fny 
ajixedpaint (a, b). Find the equation of the locus. 

The locus is evidently a circle 
whose radius is r and whose 
center is the point C = (a, b) 
{Fig. 35). 

To find the equation of the 
locus, assume that ^(x, y) is 
any point r units from C. The 
point P is then on the locus. 
The statement of the law gov- 
erning the motion of P is then 
CP=r, (1) 

for all positions of P. Hut 



and therefore 



(X 




If the center of the circle is taken at the origin 
then a = and h = ^, and equation (3) becomes 

cc3 + y2 = j-a. (4) 

Equations (3) and (4) are standard forms of the equation of a 
circle. The student should test equation (3) by the definition 
given in Art. 44. 

•The word "purve" will iiButelortli Ije used to denote any eontinuous line, 
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EXERCISES 

1. Find the equations of tlie following eircles : 

(a) Center (0, 1) and radius 3. (6) Center (- 2, 0) and radius 3. 
(c) Center (— 4, 3) and radius 8. (d) Center (1, 2) and radius 6. 

2. Find the equation of the circle wliose center is (2, 3) and whicli passes 
tlirough the origin. 

3. Wliat is the equation of the circle which has the line joining the points 
(8, 2) and (— 7, 4) for a diameter ? 

4. Find the equation of the circle which passes through the three points 
(0, 1),(5, l),aiid (2,-3). 

5. A point moves so as to be equidistant from the points (3, — 1) and 
t— 2, 3). Draw the locua and find its equation. 

6. Find the equation of the perpendicular hisector of the segment joining 
(a, b) to (c, d). 

7. A point moves so that the ratio of its distances from the points (8, 0) 
and (3, 0) is constantly equal to 2. Find the equation of the locus. 

8. A point moves so that the sum of the squares of its distances from 
(3, 0) and (~ 3, 0) is constantly equal to 68. Find the equation of the locus. 

9. A circle circumscribes the triangle (6, 2), (7, 1), (8, — 2). Draw the 
figure and find the equation 6t the circle. 

46. The equation x^ + y^ + Ax + By + C = 0- When equation 
(3) of the preceding article is expanded and arranged according 
to the powers of x and y, it taljes the foriji 

a!' + i,> + 4B + %-t-t7-0, (1) 

where A, B, and are constants depending upon the radius of 
the circle and the coordinates of the center. 

A second problem now arises : Is equation (1) the equation of 
a circle for all possible values of A, B, and 0? To answer this 
questioji, we shall complete the squares of the terms in x and y 
separately, and thus put equation (1) in the form 
/ , AY , f , BY A'' , B" „ 

lu this form, the equation states that the length of the segment 
joining ( — -^> — ^ | to {x, y) is constantly equal to 

C (3) 



Vf 
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for all positions of the point (x, y). Let D stand for the ex- 
pression uniler the radical in (3) ; then we can draw the following 
conclusions : 

1. If i> > 0, (1) is the equation of a circle whose center is the 

point f — -^! ~ "o 1 ^^^ whose radius is V5. 

2. If D—% (1) is satisfied by the coSrdinates of a single 
point; namely, the point f — n' ~' o )■ ^" ^'^'^ case the locus is 

called a null circle. 

3. If /) < 0, there is no point in the plane whose coordinates 
satisfy (2) and consequently no point whose coordinates satisfy 
(1). In this case the locus is called an imaginary circle. 

We shall find it convenient to say that, in any case, equation 
(1) is the equation of a circle, but that, in particular cases, this 
circle may he a null circle, or an imaginary circle. 

EXERCISES 

1. Find the coordinates of the center and the radius of the following 
circles. Construct the figure wlien possible, 

(«) 3?' + l/'-6s:- 16 =0, (6) »a + ;(5-(l* + 4;,-5 = 0. 

(c) nx^ + Zyi-Wx-2iy = (i. {d) (i+ l)2+(j/ -2)^=0. 

(e) a^ + j/'-Sce. (f)T x-^-\-l ^-A^-y = ^. 

{g) 3? + ^-2x + 2y + b = 0. (ft) a^ + j^ + 16 * + 100 = 0. 

2. Find the coordinates of the center and the radius of the circle which 
passes through the points (5, — 3) and (0, 6) and has its center on the line 
2x-&y~Q = 0. 

3. A point moves so that the sura of the squares of its distances from two 
fixed points is constant. Prove that the locus is a circle. 

4. A point moves so that the ratio of its distances from two fixed points 
is constant. Prove that the locus is a circle if the constant ratio is difierent 
from unity, and a straight line if the constant ratio is equal to unity. 

47. The straight line. A point moves on the straight line joining 
the fixed points Fj = («„ y,) and P^ = {x^, y^) . Find the equation of 
the locus. 

Choose any point r(x, y) on the straight line joining P^ to Pj 
(Fig. 3fi). fhpn, 
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slope of segment ]\P = slope of segment I'iP^- 
But (Art, 11), 

slope oi P^P = y.:zl\ ^ and slope oi P,P^='''^ 
Therefore 

x — a?! X2 — Xi 



(1) 



The expression ^^ — -^ is called the slope of the line. Represent- 
ing the slope of the line by m, equation (1) becomes 

(y-Vi)=m.(x-xi). (2) 

If the point Pi ={0, h), that is, the point of intersection of the 
line with the l^axis, equation (2) aasumes the form 

y = mx+h. (3) 

If Pi = (0, b) and P., ~(a, 0), 

then m= , and equation (2) 

reduces to 

- + ?=1. (4) 

Equations (1), (2), (3), and 
X (4) are all standard iorms of 
the equation of a straight line. 
Equation (1) is called the two- 
point form, equation (2) is the 
slope-point form, equation (3) is the slope form, and equation (4) is 
the intercept form. 

From these equations, we conclude that the equation of a UraigM 
line is of first degree in the variables x and y. 

Conversely, it may be shown that any equation of the first de- 
gree in the variables x and y ia the equation of a straight line. 
For, let 



^ 


Y 


l.^.J 




b 




X^i^f 




'■' 






\ 



e such an equation. Solving for y, w 







(5) 



Hosted by 



Google 



Arts. 47, 48] THE DETERMINANT FORM 59 

Compariaon with equation (3) shows that (5) must be the equa- 
tion of a straight line whose slope is — — and whose intercept on 


the F-asis is ~-^- This reasoning fails when B is zero. In 

that case, however, equation (5) reduces to Ax -|- (7= 0, wliich is 
the equation of a straight line parallel to the y-axis, since x has 
the constant value — — for all values of y. Hence, in every case 
(5) is the equation of a straight line. 

48. The determinant form. The equation of a straight line can 
be written in the form of a determinant. Thus, the equation 

.., \i, iLo (1) 

\'.e.^ y^ l| 
is the equation of the straight line joining the points Pi={xi, y,) 
and Pi = (x2, J/j). For, equation (1) is of the first degree in x and 
y and therefore is the equation of some straight line, by the pre- 
ceding article. Moreover, the equation states that the area of 
the triangle whose vertices are (x, y), (x,, y,), and (x^, y^ is zero 
(Art, 20). Hence, the point P{x, y) is on the line joining Pi and 

EXERCISES 

1. Write the equations of the lines passing ttirougi\ the following pairs of 
points ; 

(a) (0, 1) and (5,6); (b) (1,-2) and (-3,4); (c) (5, -3) and 
{_ 4, _ 1) ; (d) (_ 1, 3) and (3, — 4). Draw tiis figure in ea,cli case. 

Z. Find tlie intercepts which each of the lines in exercise 1 makes upon 
the coordinate axes. Write the equations in intercept form. 

3. With t!ie intercept on the J-axis and the slope, write the equation of 
each line in exercise 1 in the slope form. 

4. Write the equation of each of the lines in exercise 1 in the determinant 

5. Find the slope and the intercepts of each of the following lines: 
(0) 2j/ + 3ic-7 = * + 2, (6) ^ = ^J.. 
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S, "Write the equation of each of the lines in exercise 6 in the intercept 
form. Ill tlie slope form. 

49. The ellipse. A point moves so that the sum of Us distances 
from two fixed points F and F\ is constantly equal to 2 a. Oonatrtict 
the locus and find Us equation. 

Ill the first place, 2 a must be greater than the length of the 
segment FFi_, otherwise no locus is possible. Lay off a line A^B^, 





.Y 

-> 

y 

t 






'^~^ 


c p, jn 













2 a units in length (Fig. 37). Take C, any point on A^B[, and 
with A^G as radius describe a circle about F. With CB, as radius 
describe a circle about F^. The two circles meet in the points M 
and JV. These points are on the locus, since the sum of the radii of 
the two circles is 2 «, Taking the smaller circle about Fi and the 
larger about F, two more points, M' and N', are found on the 
locus. By taking G at different places on AtBy, as many points 
of the locus can be found as may be desired. 

Another construction of the locus is made as follows ; stick 
pins in the paper at the points F and F^. Tie the ends of a 
string together so that the loop is just equal to 2 a plus the 
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diataaee from F to Fj. Drop the loop over the pins and stretch 
it taut with a pencil point. Keeping the string stretched, move 
the pencil around ; it will describe the locus. 

This locus is called an ellipse. The fixed points F and Fi are 
called the foci of the ellipse. The distances from any point on 
the ellipse to the foci are called the focal radii of the point. 

To find the equation of the ellipse, let the line joining the foci 
be the X-asis, and the perpendicular bisector of the segment FFi, 
the Faxis. Let P(x, y) be any point on the ellipse ; then PF= r 
and PFx = >■, are the focal radii of P. By definition we have 

r + r, = 2a (1) 

for every position of P. 

Let 2 c denote the length of the segment FFi ; then the coordi- 
nates of P and Fi are (— c, 0) and (c, 0), respectively. Then 

7^^(c + xy + f = <i^ + 2cx + x' + y\ 
and r,^ = (c^xy + y''^<y'^2<^ + x^ + f. *■ -* 

By subtraction, we obtain 

7^~n^=(r- r,){r + r,) = i ex. 
Hence, since r + r, ~ 2 a, 



From (1) and (3) we get, 

**' (4) 

Substituting the value of r in the first of equations (2), we obtain, 
after reduction, ^ ^ 

5i + /-^ = ^' '■"'> 

A further simplification is obtained by putting 

«■-<?_ 6', (6) 

and then the equation assumes the final form 

5 + 5 = 1. (7, 

Eqiiation (7) is the standard form of the equation of an ellipse. 
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50. The axes and eccentricity.- The segment of the line joining 
the foci and limited by the curve is called the major or transverse 
axis of the ellipse. That part of the perpendicular bisector of 
the segment joining the foci which is contained within the curve 
is the minor or conjugate axis of the ellipse. Thus, AB (Fig. 37) 
is the major axis and CD the minor axis. The axes intersect in 
the center, and cut the curve in the vertices. 

When the equation of the ellipse is in the standard form, the 
axes of the curve coincide with the axes of co&rdinates (Art. 49). 
Hence the lengths of the axes of the ellipse can be determined 
from the intercepts (Art. 30) made by the curve upon the coordi- 
nate axes. From equation (7) of the preceding article we find 
that the intercepts on the X-axis are ± a and the intercepts on 
the F-axis are ± b. Therefore the length of the major axis is 2 a 
and the length of the minor axis is 2 b. The segments OB 
and OD (Fig. 37) are called the aemimajor axis and the semi- 
minov axis, respectively. 

The ratio of the distance between the foci to the length of the 
major axis is called the eccentricity of the ellipse. Since the 
distance between the foci is 2 c and the length of the major axis 
is 2 a, the eccentricity is 

•"'a W 

From equation (6) (Art. 49), c = ^'a^^^i Therefore 

Since a is always greater than c, the eccentricity of the ellipse is 
necessarily always less than unity. 

Combining equations (4) Art. 49, with equation (1), we see that 
the lengths of the focal radii of the point -P(a;, y) are 

r = a + ex and ri = ii — ex. (3) 

EXERCISES 

1. Find the equation of the ellipse for wliieli the sum of the focal radii is 
8 and the distance laetween the foci is G, the origin being at the center. 
What is the eccentricity of this ellipse ? Construct the ellipse. 

2. An ellipse passes through the points (— 5, 0) and (0, 3) and is sym- 
metrical with respect to hoth axes. Find the coordinates of the foci and 
draw the curve. 
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3. Write the standard lorm of the equation ol the ellipse having 
given : (a) the length of the transverse axis is 10 and the distance be 
tween the foci is 8 ; (6) the sum of the axes is 18 and the diSeren e of tl»e 
axesiaS; (c) transverse axis is 10 and the conjugate axis la ' the trans- 
verse axis ; {d) transverse axis is 20 and conjugate axis is e jual to the dis- 
tance between the foci; {e) conjugate axis is 10 ind distance between the 
foci is 10. 

4. The equation of an ellipse "^ ^ + ^ = 1 Fii 1 tl i> len^tl s if the 
focal radii of the points whose abscissa is J 

3. rind the lengths of the aemiases and the eccentricity of each of the 
ellipses whose equations are : 

\a ellipse is the double ordinate, 



51. The hyperbola. A jjoint moves so tltat the difference of its 
distances from two fixed points F Mid F^ is constantly equal to 2 a. 
Construct the locus and find Us equation. 

Here 2 a must be less than the length of the segment FF-^. 
For, if P is any point in the plane, it is shown in geometry that 
the difference be- 
tween any two sides 
of the triangle PFF^^ 
is less than the third 
side. 

Lay off a line AB 
(Fig. 38) 2 ((units in 
length and take any 
point C on this line 
produced. WithBC 
and AC as radii and 
F and Ft as centers, 
draw arcs of circles 
intersecting in M 
and N. These points 
ai'e on the locus, 
since tlie difference 
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of the radii of the two circles ia 2 a. With the same radii, but 
interchanging centers, two more points, M' and 2^, are obtained. 
Taking O at different places on AB produced, as many points 
on the locus can be constructed as may be desired. 

The locus is called an hyperbola, the points F and F^ are its 
foci, and the distances from any point on the curve to the foci 
are called the focal radii of the point. The two parts of the curve 
are the branches. 

To iind the ef[uation of the hyperbola, we .proceed as in the 
case of the ellipse. Let the line joining F and F, be the X-axis, 
and the perpendicular bisector of FF„ the T^axis. Let F be 
c units to the left of the origin and F„ c units to the right. Take 
F(x, y), any point on the curve, and let r and r, be the lengths of 
its focal radii (r > r^). Then, by definition, 

r-r,=2a. (1) 

Equations (2) of Art. 49 hold for the hyperbola, and we obtain 
from them, by subtraction, 

(r -, -,)(»■ + r,) = 4 «.. (2) 

Combining (1) and (2), we have 

r+r, = 2^. (3) 

From (1) and (S) we get 



Substituting the value of r in the first of equations (2), in Art. 
49, we obtain, after reduction, 

A further simplification is obtained by putting 

c= ~ «' = 6= (6) 

and the equation assumes the final form 

Equation (7) is the standard form of the equation of an hyperbola 
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53. Axes and eccentricity. The hyperbola iiieeta the Hue join- 
ing the foci in two points B, and A^ (Fig. 38) which are eqiiidis- 
tant from the mid-point 0, as may be seen from the definition of 
the curve. The segment B,A, is called the transverse axis. 
Since the intercepts on the X-axis (when the equation is in the 
standard form) are ± a, the lengtli of the transverse axis is 2 a. 

The curve does not meet the perpendicular bisector of FFj, 
since every point on this bisector is equidistant from F and F„ 
but a segment extending b units above and h units below O is 
called the conjugate axis. is the center of the curve, and the 
transverse axis meets the curve in the vertices, Bi and A,. 

The ratio of tho distance between tlie foci to the length of 
the transverse axis ia called the eccentricity. Since FF^ = 2c, 
and BjAi = 2 a, the eccentricity is 

^ = «- W 

Prom (6), Art. 51, we have c = Va' + b% and therefore 

e = ^a^ + l>^ . (2) 

From (1) or (S) we conclude that the eccentricity of an hyper- 
bola is always greater than unity. 

Combining equations (4) of Art. 51 with equation (1), we 
have the lengths of the focal radii in terms of the eccentricity, 

'"«»»')" , = <» + « .„d r, = e=o-a. (3) 

EXERCISES 

1. Write the standard eijuation of the hyperbola for which Urn difierence 
between the focal radii is 6 and the distance between the foci is 8. 

2. Write the standard equation of the hyperbola for which the transverse 
axis is 12 and the distance between the foci ia Itl. 

3. Find the length of the focal radii of the point whose ordinate is 1 and 
whose abscissa ia positive, the equation of the hyperbola being -^ — t' ~ ' ■ 

4. Find the semiaxes and eccentricity of each of the hyperbolas whose 
equations are ; 

(a) ix^-Qy^ = S&: (h) f-|=l; (c) 16x^~9^ = W: id) ^-i/^-m. 
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5, When the origin of coordinatta is taken at the center of an hyper- 
bola and the foci lie upon tlie I'-asis, the standard equation ia — — 2_ = _ i. 
and the eccentricity of each o£ the follow- 



Find the lengths of the i 
ing hyperbolas : 



w ^y- 



-2*2 = 12; (b) i 



-l^y-^-- 



■ (r) y - 



6. The length of the double ordinate, or double abaciaaa, through a focus 
a called the latus rectum of the hyperbola. Find the length of the latus 
rectum for each of the hyperbolas in exercises 5 and 6. 



63. The parabola. A point moves so as to he equally distant 
from a JUved point and from a Jtx^ed straight line. Construct the 
locus and find its equation. 

Let F be the fixed point and AH the fixed straight line (Fig. 
39). Draw AF perpend ioular to AH and a series of lines parallel 
to AH, as PD, PtDi, PA 
etc. With AD as radius 
and F as center, draw an 
arc cutting PD in P and 
Q. These points are on 
the locns, since PF^AD 
= FQ. Repeating the 
process with AD^, AD^, 
etc., as radii, a series of 
points on the locus is ob- 
tained. 

The locus is called a 

parabola (cf. Art. 28). 

The fixed point F is 

called the focus of the 

and the fixed 
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line AH\^ called the directrix. The point is the vertex. 

To find the equation of the parabola, let AF be the X-axis and 
OY, the perpendicular bisector of AF, the T^axis. Let OF=-p, 
and P(x, y) be any point on the curve. Then by definition, 

PF= AD. 
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THE CASSINIAN OVALS 


PF= V(^ 


-p)^+/ aad AD = ?:+p. Therefore, 







(1) 

Equation (1) is the standard form of the equation of the parab- 
ola. The number p is called the parameter. The distance from 
any point on the parabola to the focus is ealled the focal radius 
of the point. The length of the focal radius of any point {x, y) ia 
r = '^ + p. (2) 



EXERCISES 

1. In the parabola >0 = 4 a, find the coordinates of the focus and the lengti 
of the focal radius from the point (1, 2). 

2. The focus of a parabola is at the point (3, 0) and the direetris is tto 
line K + 1 = 0. Find the equation. 

3. Tlie focus of a parabola is at tlie point {0, 2) and the directrix ia the 
*-axia. Find the equation. 

4. If the focus is 2 units from the vertex, what is the equation 
(a) when the parahola is symmetrical with respect to the X-axia ? 
(6) when the parabola is symmetrical with reaped to the y-asls ? 

5. Construct each of the following parabolas ; 

(a) y^ = 9x; (b) y^^-ix; (c) 'x? = 6y: (d) ^=.-Viy. 
G. The double ordinate, or double abscissa, through the focus is called the 
Jatus rectum of the parabola, rind the length of the latus rectum of each 
parabola in exercise 5. 

54. The cassinian ovals. A point moves so that the product of 
its distances from, two fixed points is constantly equal to a'. Con- 
struid the locus and find Us equation. 

Let F and F^ be the fixed points and the mid-point between 
them (Fig. 40). Draw the circle with center and radius OF, 
and let FMhe the tangent to this circle at F. Take FM, a units 
in length, and through M draw a series of secants to the circle. 
Let one of these secants meet the circle in the points A and Ai- 
Then, we have 



MA • MAi = FM = a\ 



Hence, using MA and MA, aa ±aun auu j' o,u 
of circles can be drawn intersecting in points 



radii and J" and F, as 

' ■ . of the loei 



arcs 
Thus, 
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the points K, L, S, atid T are on the locus. Repeating the 
process with other secants, as many points of the locus can be 
constructed as may be desired. 

The locns is called a cassinian oval, after Cassini, an astronomer 
and engineer who lived in the latter half of the seventeenth 
century. The points F and F^ are the foci. 




To iiiid the equation of the locus, let FF, be the X-axis and the 
perpendicular bisector of FF„ the F-asis. Let the distance be- 
tween the foci be represented by 2 c, and let r and r, represent 
the focal radii, PF and PF^, respectively. Then, as in Art. 49, 



r' = g' + 2cx + x^ + p*, 
J-i" =s c' — 2cx + x''+y\ 



(1) 



Multiplying these equations, member by member, and remember- 
ing that J* ■ j-i = a\ we have 

a*^(e + a? + y^y — 4 c'x^, 

or (a^ + /)!_2cHa:'-y=)=«'-<^- (2) 

If a — c, the cassinian oval is called the lemniscate. This is 
the curve shown in Fig. 40. 
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EXERCISES 

1, The foci of a cassinian oval are at the points (— 2, 0) and. (2, 0). 
Construct the curve when the product of the focal radii is 9 ; when the 
product of the focal radii is 4 ; when the product of the focal radii is 1. 

2, Find the intercepts of a 
a > c, when a < c, and when a = 



3. Show that i 






oval upon the coordinate axes, when 
essarily symmetrical with respect to 



55. Recapitulation. The results of the preceding aiUcles are so 
important that tliey are brought together here in compact form. 
The standard forms of the equations should be memorized. 





ST,™,-„ FOB.™ 0. r„. E.,..o. ,. KH.....™.. Co«K 


„™ 


The straight line. 


(«) Two-point form ; ^^^ = ?l^Zll . 
(6) Slope-point form; y -yi = m{x-x{). 
(o) Slope form ; t/ = jjtc -t- 6. 
{d) Intercept form ; 2_^| = 1, 


The circle. 




The ellipse. 


t.-%'- 


The hyperbola. 




The parabola. 


,? = 4pi. 



56. Polar equation of a circle. Let G = (6, a) be the center of a 
circle of radius a, and P= (r, ff), any point on the circle (Fi^. 41). 
In the triangle COP, we have 00= b, OP=r, and the angle 
COP = ± {S — a), depending upon the position of P. But in 
either case the law of cosines applies and we have 



a) =a 



(1) 
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This equation expresses the relation be- 
tween r and 6 for any point on the 
eirele and is, therefore, the polar equa- 
tion of the circle. 

If the initial line passes through the 
oeiitei' of the circle, a = and (1) re- 
duces to 

^2 + 63_2 6»-eo8e = fA (2) 

If the pole is taken on the circle, 
b = a and (2) becomes the im- 
portant fovm 

»■ = 2 a cos e. (3) 

This equation is also immedi- 
ately deduced from Fig. 42, 
since XPO is a right angle. 

If the pole is taken at the 
center, 6 = and (1) becomes 
(4) 
which is the simplest form of the polar equation of a circle. 

57. Polar equation of a straight line. Let AB be any straight 
line, the pole, and OX the initial line (Fig. 43). Let p be the 
length of the perpendicular 
OM let fall from upon 
AB, and « the angle XOM. 
Take P (r, &), any point on 
the line AB. Then 





rcos(e- 



(1) 



), - i and the radius 

e length of the segment of the 



3 the polar equation of the 
itraight line AB. 



^ 1. The center of a circle is at 

the point whose polar coordinates 

Write tlie polar equation of the circle and 



ial line within the circle. 
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2. The perpendicular from the pole upon a line is 6 units long and makea 
an angle of 60° with ilie initial line. Write the polar equation of the line. 
Wftli origin at the pole and JT-asia coinciding with the initial line, write the 
rectangular equation of the same line and find the intercepts on the axes. 

3. A circle is tangent Co the initial line at the pole, its radius is 4 units 
long, and its center lies above the initial line. What is the polar equation 
of tlie circle ? What is tlie rectangular equation, the origin being at the 
pole, and the X-axis coinciding with the initial line ? 

4. Change tlie intercept form of the equation of a straight line to polait 
coordinates. Show that 

„ = _P_ and 6 = ^A- 

p and a having the same meanings as in Art. 57. 

5. Discuss the polar equation of a straight line (Art. 57) for a =0°, 90°, 
180". Also for p = 0. 

6. A circle passes through the origin and has its center on the line bisect- 
ing the first and tiird quadrants. Find the polar equation in each of the 
two possible positions. Also the rectangular equation. 



Polar equation of the parabola. The polar equatioi 
limes the simplest form when the pole is take 
focns and the initial line is perpendicular 
to the directrix (Fig. 44). Let P (r, ffj be 
any point on the parabola. The length 
of the focal radius PF is (Art. 53) 

r = ^+p. (1) 



of the 
at the 



But, fi'Oi 



the figure, 



Eliminating x between (1) and (2) and 
solving the resulting equation for r, we 



(3) 



(1-cosB)' 

59. Polar equations of the ellipse and the hyperbola. Tate the 
pole at the left-hand focus and the initial line coincident with 
the transverse axis of the curve (Figs, 45 and 46). Then, for 
either curve, the length of the focal radius PF is given by the 
formula {Arts. 50 and 52) 

T = a + ex. (1) 
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But, from either 




- 0- (2) 
Eliminating x between (1) 
and (2) and solving the re- 
sulting ecLuation for r, we 
have 



(1- 

Keplaeiog e by its value - 



(3) 



fa 



C cos 9) 



(4) 



For the ellipse, a^ — c' = b^ (Art. 49) and a > c. Hence we con- 
elude that r is positive for all values of $. 

For the hyperbola, a' — c' — — b^ (Art, 51), and a <c. Hence 
a — c cos $ will be negative, and therefore r positive, when 

cos f > - and then the point 

c 
P(r, ff) lies on the-right branch 
of the curve. For example, 
when 0=0, cos ^ = 1, and 
r = a + e = FB. The expres- 
sion a — c cos fl will be posi- 
tive, and therefore r negative, 

when cos <- and then the 

point P(r, ff) lies on the left 

branch of the curve. For example, when 6 = 180°, cos 6 = — 1, 

a3iAr=-{c-a) = ~FA. 




1. The s 



EXERCISES 
n of the focal radii is 8 and the distance between the foci i 



6. Write the polar equation of tlie ellipse and aketeh the curve from this 
equation. 

2. The difference between the focal radii is 4 and the distance between 
tlie foci is 0. Write tbe polar equation of tlie hyperbola and sketch the curve 
from this equation. 
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Arts. 59, 60] PARAMETRIC EQUATIONS 73 

3. Show from the polar equation iJiat the radiuB vector for the ellipse 
is always finite iii length. 

4. Show from the polar equation that the radius vector for the hyper- 
bola becomes indeiinitely long for two values of fl, each less than 180'. Find 
these values, 

5. The focus of a parabola is 6 units from the directrix. Write the polar 
equation and sketch the curve from this equation. 

6. Show from the polar equation of the parabola that the radius vector 
never becomes indefinitely long except for fl = 2 nir, where n is any integer 
including Kero. 

7. Show that the polar equation of the lemniscate is 

the pole being at the origm and the initial line coinciding with the X-axis. 
Sketch the curve from this equation. 

8. Change the standard forma of the equations of the ellipse, hyperbola, 
and parabola to polar equations, making use of equations (1), Art. 9. Why 
do not the equations thus found ^ree with the polar equations in Arts. 58 
and 59 ? 

9. Derive the polar equation of the hyperbola, assuming the right-hand 
focus as pole and the transverse axis as initial line. 

10. Derive the polar equation of the ellipse, making the same assump- 
tions as in the preceding exercise. 

11. Compare the equation r — — with equation 4, Art. 59. 



Does the given equation represent an ellipse or an hyperbola ? What is the 
eccentricity and the length of the transverse axis? 

12. If the semiaxea of an hyperbola are equal, the curve is called the 
rectangular hyperbola. Write the polar equation of the rectangular 
hyperbola. 

60. Parametilc equations. It is frequently useful to express 
the X and y coordinates of a point on a curve In terms of a third 
variable called the parameter. For example, the x and y coordi- 
nates of a point on the circle 

af + f^u' (1) 

can be expressed aa follows : 

a; = a cos (, J/ = a sin (, (2) 

since these values of x and y satisfj' (1), whatever value is given 
to the parameter t. Equations (2) are parametric equations of the 
circle whose equation in rectangular coordinates is (1). 
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74 LOCI AND 'THEIR EQUATIONS [Chap. IV, 

Similarly, a pair of parametric equations of the ellipse 

X = a cos (, y = h sin (, (4) 

since these values of ar and y satisfy (3) for all values of (. 

A vai'iety of pairs of parametric equations can be found ex- 
pressing the same relation between x and y. For example, 

are parametric equations of the circle (1), since these values of 
X and y will satisfy (1) for all values of (, 

EXERCISES 

1. Show that s; = a sec ! and y = h tan ( are parametric equations of an 
hyperbola. 

2. Show tliat x = — Vt and y = l) + nit satisfy the slope form of Che 
equation of a straight line for all values of (. 

3. Eliminate t from the equations x = t^ and y = 2t and thijs show that 
these equations are parametric equations of a parahola. 

4. Write a pair of parametric equations for the standard form y'^ = i px. 

5. Show that x = at and j/ = 6(! — t) are parametric equations of a 
straight line. 

6. Show (liat the equations 

1 + C ' 

^ 1 + f 

are parametric equations of the lemniscate (Art. 54). 

7. Write the parametric equations of the rectangular hypcrhnla 

a:2 _ ys = a\ 

61. Geometrical construction of the ellipse and the hyperbola. 
The ellipse and the hyperbola can be constructed easily by 
means of parametric equations (Figs. 47 and 48). 

Draw the concentric circles whose radii are the semiaxes a 
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GEOMETRICAL CONSTRUCTION 



75 



and 6. These circles are called the major and minor auxiliary 
circles, respectively. 

For the ellipse, with any value of (, construct OD = a cos ( and 
EP" — h sin t. These ai'c the coordinates of the point P on the 
ellipse. 







Similarly, for the hyperbola, OD = a sec ( and EM= b tan ( 
are the coordinates of the point P on the curve. 

The points P, P', and P" are called corresponding points. As 
the radius OP revolves about 0, the points P" and P" move on 
tlieir respective auxiliary circles, and P describes the ellipse in 
Fig, 47 and the hyperbola in Fig. 48. 



3. Construct the following loci by assigning arbitrary vali 
parameter t and tabulating tbe corresponding values of x and y : 

(o) 1 = 1-1, j^l-I-i (i)»-2,, = |, (.)z = Sl, ,= 

4. With as the parameter, construct the locus 

This locus is calli:ii the three-cusped hypocycloid. 
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62. Recapitulation. 



Lo„. ».€„,, 


roL* 


hEwa 


noN 


p.... 


TK.C E«^AT,ONa 


The circle. 


r=2acoBe. 


», = .« 


s (, ;; = a sin (. 


The ellipse. 


«2-C 




a>c. 


,.a.. 


St, s = bsm t. 


a -ceo 


fl 


The hyperbola. 


a^~v 




„<,. 


:c — ase 


al, ;)= Stall (. 


,,-cca 


s 


The parabola. 


^P.. 


= r- 




~4ji 


!/ = (. 





(b) 7 a:2 + 11 1^ = 15. 


-2500. 


(d) I7ic=-25j)5 = -lie. 


KiDO. 


(/) e4sF3-25j:2=-1600. 



EXERCISES 

1. rind the lengths of the axes, the distance between the foci, and the 
eccentricity o£ each of the following curves, 

(c) 100j(3-2 
(e) 64 (,2 + 25 

2. Show tliat the points (-4, -2), (2, 1), (-6, 3), (0,0), and 
(2, — 1) lie upon two straight lines. What are the equations of these lines ? 

3. The seniiaxes of an ellipse are 6 and 4. Find the length of the latiis 

4. Write the polar equation of the hyperbola, if the transTersB asis Is 
and tlie distance between the focf is 10. For what values of P is r infinite ? 

5. If the perpendicular to the major axis of an ellipse at the point D 
meet? the major auxiliary circle in P and the ellipse in P", prove that 

jyP-.DP- ■.•.a:f>, 
where a an I 6 are the semiixe^ 

6. In j:,tometrj il is >Jiown that the areas of rectangles having the same 
width are to each other a^. their lenf-th>i Combinii g this proposition with 
that in the preceding exercise shiw that tie area of the major auxil ary 
circle is U the irea of the ellipse is *; la ti ; a I hence the aiea of tl e 
ellipse is irab 

7. If the major anxiliiry circle is rotated ar)und the major axis of the 
ellipse until its plane mikes in angle whose ccsine U with the plane of 

the ellipse, and if perpendi ulirs bi, dropped from every point of the circle 
upon the plane of the ellipse sho« that the feet of these perpendu ulars he 
upon the ellipse. 
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CHAPTER V 
EQUATIONS AND THEIR LOCI 

63. Locus oi an equation. The curve which passes through 
all the points whose coordinates satisfy a given equation, and 
through no other points, is called the locus of the given equation, 

©4. A second fundamental problem. In the last chapter we 
have found the equations of a number of important loci from 
given laws. There now arises a second fundamental problem of 
analytic geometry ; namely, given an equation connecting the varia- 
bles X and y, to construct the locus of the equation and to discover the 
important properties of the locus. 

Ill simple cases the general form of the locus can be determined 
by plotting (Ait. 27). But this method alone often fails to reveal 
the important properties of the locus, and, at best, leaves wholly 
undetermined the form of the locus between consecutive points 
plotted. A discussion of the given equation, however, will 
leveal certain properties of the locus which, together with a few 
plotted points, will determine frequently the form and nature of 
the locus. 

05. Discussion of an equation. The method to bo followed 
must depend upon the particular equation under discussion, but 
the following outline will serve to indicate what to look for in 
any given case. 

(a) Symmetry (cf. Art. 29). 

(1) If the given equation contains only even powers of y, the 
locus is symmetrical with respect to the X-axis. For then, if 
P{a, h) is any point on the locus, Q(a, —b) is also on the locus. 

(2) If the given equation contains only even powers of «, the 
locus is symmetrical with respect to the Faxis. T'or then, if 
P{a, h) is any point on the locus, Q(— a, b) is also on the locus. 

(3) If the given equation contains only even powers of x and of 
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78 EQUATIONS AND THEIR LOCI |Chap. V. 

y, the locus is symmetrical with respect to the ovigin. For then, 
if P{a, 6) is any point on the locus, <2(— a, —b) is also on the 
locus. 

(4) If the given equation is unaltered when x and y are inter- 
changed, the locus is symmetrical with respect to the line bisect- 
ing the first and third quadrants. For then, if P{a, h) is any 
point on the locus, QQ>, a) is also on the locus (cf. Art. 39), 

(b) Intercepts {cf. Art. 30). Ihe determination of the inter- 
cepts furnishes a good point from which to begin the construction 
of the locus. 

(c) Limits of the locus. It frequently happens that to certain 
values of either variable there correspond no real values of the 
other. There is no corresponding real point in such a case. 
Hence, the locus is confined to those parts of the plane sucJi that to 
each value of either variable there corresponds a real value of tlie 
other. For example, the locus of the equation y = 2 a; (Art. 28) 
is confined to the part of the plane to the right of the I^axis. 

Whenever to any value of either variable there corresponds no 
real value of the other, the locus is said to be limited. The equa- 
tion of a limited locus, if it is algebraic, must establish at least 
one of the variables as a multiple- valued function of the other. 
For in no other way can imaginary values appear. The converse 
does not hold, for an equation which establishes one variable aa a 
multiple-valued function of the other does not necessarily have a 
limited locus. Thus, the equation i/ = 3? establishes y aa a 
multiple-valued function of x, but for no value of either variable 
is the other ever imaginary, 

(d) Change of one variable due to a given variation of the other 
(Art. 27). It is important to determine from the equation how 
increasing or decreasing one variable will affect the other. For 
example, if x is allowed to increase in value, will y increase or 
decrease in value ? In other words, to determine whether ?/ is a 
monotone function or not ; and, if not, for what values of ic it is 
increasing, for what values it is decreasing, and, if possible, for 
what values of x it has turning points. 

(e) Behavior of the locus at great distances fmm the origin. 

It is also important to determine from the equation how in- 
creasing either variable indefinitely will affect the other. 



Hosted by 



Google 



EXAMPLE I 



The discussion of an equation according to the foregoing out- 
line will be illustrated in the following examples. 



66. Example I. Discuss the equation af^ + 4 ^ =^ 4 and c 

(a) AsBume any point P{a, 6) whose coordinates satisfy the given equa- 
tion (Fig. 49}. Then the coordinates of the points ^(a, — 6), S(-a, 6), 
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and S(— a, — b) also satisfy the equation. Hence the locus is symmetrical 
with respect to both axes, and also with respect to the origin. 

(6) The i-intercepfs are ± 2 and the y-interoepta are ± 1. 

(c) Solving the equation for y, we have 



y = ^ 



(1) 



from which it is seen that x- is limited to the range of values extending from 
— 2 to + 2 in order that y may have real values. The range of values for x 
is indicated by writing 

The locus is thvia limited to lie between the lines x =^2 and 3^ = -]- 2, or the 
lines AB and CD in the figure. 

Again, solving the equation for x, we obtain 



Hence y is limited to the range 



iSjSi 



in order that x may have real values. The locus, therefore, lies between the 
lines ^ = + 1 and j; — — 1, or the lines BC and AD in the figure. The locus, 
therefore, lies wholly within the rectangle ABCD. 

(d) From equation (1) it follows that as x increases or decreases from 
zero, the positive value of y decreases, and the negative value ii 
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EQUATIONS AND THEIR LOCI (Ch. 

value of y, aiid — i ia 
the values of x can be drawn from 
general form and properties of the 



Hence we conclude that 4- 2 

Similar conclusions with 
equation (2). 

The foregoing discussion 
locus. The curve is an ellips 



67. Example 11, Disciuss the equation x^ — 4 y= = 4 and find the form 
and general properties of the locus. 

(a) The locus is symmetrical with respect to each asis and with respect to 
the origin as in Example I. 

(6) The intercepts on the X-axis are ± 3; the locus does not meet the 

(c) Solving the equation for i/, we have 



(1) 




!n order that y may have rea 

strip hounded by the lines x - 

Solving the equation for x. 



values. The locus, therefore, lies outside the 
-2and3;=+2 (Fig. 50). 
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Akts. 67, 68) EXAMPLE III 81 

Hence x is real for all values tf y Tit Ic us is theietire unlimited m the 
^-direction. 

((?) From equation (1), as x incieiBea ffm J the positue v*lue of y 
increaseB continually and iMthout limit, but as j- incnsases from a large 
negative value to — 2, tie pnsltiye value of y Lontmuallj decreased to zero. 
Combining these facts with the symmetry in (a), we conclude that the locua 
spreads out as it recedes frjm the origin in eitber direction 

(e) As X increases indefinitely, the values of y approach nearer and nearer 
to ± - ■ For the radical Vx^ — 4 is clearly always less than x in value, but 
for very great values of a, the (iifferenee 



is very small and can be made as small as we please by choosing x sufficiently 
great. Therefore, at great distances from the origin, the locus Ues close to 
the straight lines 



These lines are called asymptotes. The X-axis bisects one of the angles 
betvveeii the asyraptotea and the locus lies within this angle, one branch on 
each side of the origin. The curve is an hyperbola. 

EXERCISES 

1. Discuss the following equations and draw the corresponding loci ; 
(«) 4 x^ + 9 !^ = 36. (6) ix^-Qy^ = 36. (c) y^ = 16 x. (d) a^ = y. 
(0 j^i - 1/2 = 4. (/)*= + !^ = 4. (s)y^=4xK 

2 Find the lengths of the axes, the distance between the foci and the 
eccentndty of the ellipse in exercise 1. 

3. Find the lengths of the axes, the distance between the foci, and the 
ccentricity of the two hyperbolas in eierciae 1. 

4 Find the equations of the asymptotes for each of the hyperbolas in ex- 

3 Find the coordinates of the focus for each of the parabolas in eser- 

68. Example III, Discuss the equation xy — x — y = and find the 
form and properties of the locus. 

(o) The locus is obviously not symmetrical with respect to either axis nor 
with respect to the origin. It is, however, symmetrical with respect to a line 
bisecting the fiist and third quadrants, since if F{a, b) is any point whose 
co&rdinatea satisfy the equation, then the coordinates of the point Q(fi, a) 
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[Oe, 



■. V- 



also satisfy the equation. The points Pand Q are ssrmmetrioally situated 
with respect to the line OA (Fig. 61). 

{f>) The locus crosses the coordinate axes only at tho origin. The Inter- 
cept on. each axis is thcrpforf zero. 
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(c) The locus is not limited 
for ail values of the otiier. 

(d) Solving the equation for y, we have 



Flu SI 

either direction, since each variable is 



!, = -^. (1) 

Hence, as x increases from a lai^ negative value, y continually decreases 
from a value less than 1, through zero, becoming — tc for % equal to 1. As 
■£ passes the value 1, ij changes suddenly to a very great positive value and 
tlien continually decreases, approaching nearer and nearer to 1. The func- 
tion B is therefore monotone. It has a discontlnuitii at k = 1. 

(«) From equation (1) we see that y approaches nearer and nearer to 1 
as X increases or decreases indefinitely. For very great values of x, there- 
fore, the locus lies close to the line y = 1. This line is an asymptote to the 

Similarly, solving the equation for x, the line a: = 1 is found to be an 
asymptote ; that is, for very great values of y the locus lies close to this line. 

The above discussion enables us to form a fairly accurate idea of the locus 
before any plotting has been done. 

and find the form 
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(q) The locus is not Bymmetrical with respect to either axis, Imt it i 
symmetrical with respect to the origin, since i£ P(a, b) is any point on tb 
locus, so also is the point Q(— a, - b) on the locus (Fig. 52). 
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(6) Tlio locus crosses the axes only at the origin. 

(c) The locus is unlimited in tlie ar-direction, siiiee y is 'real for all values 
if 2. But if we solve tlie ec[uation lor %, we obtain 



and therefore y is limited to the range 

in order that 7, may have real values. Consequently the locus lies within 
the atrip bounded by the lines y = — \ and j/ = + J. 

(d) and (e). As x increases from zero to 1, y increases from zero to \ ; 
and as x increases indefinitely from 1, y decreases slowly from \ towards 
zero. Hence the function y has a turning point at a; = 1 and its value there 
is \. Also for very great positive values ot k, the locus lies close to the 
X-axis. Since the locus is symmetrical with respect to the origin, Its form 
to the left of the origin is known as soon as its form to the right has been 
determined. We conclude, therefore, that the function has a turning point 
at a; = — 1 and that the X-axis is an asymptote to the curve. 



70. Example V. Bisou 
and properties of the locus. 



le equation y' = — 



'- and find the form 
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(a) The locus is clearly symmetrical wid respect to the X-axis ; it is not 
symmetrical with respect U> the T-asis, since the equation contains odd powers 
oix. 

(ft) Tor the purpose of discussion we v 
number (Pig. 53). The locus crosses both a 
the X-axis s.tx = b. 



luppose that b is 
it the origin and a 




(c) From the equation we see that x is limited to the range 

n order that y iiiay have real values. The locus therefore lies between the 
lines X =— r_ and a = 6. 

IS from zero to 6, the absolute value ot y at firet increases 
This shows that the locus has a loop at the right 
of the origin. As x decreases from zero to — -, the absolute value of y in- 
creases very rapidly from zero, becoming infinite at a— — - ■ The line x=-- 
is an asymptote to the curve. The locus is called the folium of Descartes. 

EXERCISES 
1. Discuss tlie following equations and plot the coiresponding loci. Find 
the asymptotes when these exist. 
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EXAMPLE VI 



(il) i's" = (» + 2)'<0 -!/")- 

2. Find the lengths of thi 
eccentricity ot tlie lijperbola whi 
Note, Tlie locus (d) 



{<)! = 



Mi" 

(/!» = 



+ yi 



(x-2)' 
I, the coordinates ot tbe foci, and the 
equation is (6) of the previous exercise. 
I is called the conchoid of Ificomedes. 
71. Example VI. Discuss the equation of the catenary; namely, 
y = |(e''+e °) , and plot the locus. 

The equations discussed in the foregoing examples are algebraic equations 
and the corresponding loci are called algebraic curves. The locus of a tran- 
scendental equation is called a transcendental curne. Thus the catenary is a 
transcendeutal curve. 

(a) The locus is symmetrical with respect to the r-asia, since changing 
the sign of x does not alter the equation. The locus is not symmetrical with 
respect to the X-axis, since for every value oi x, y is positive. The curve 
antirely above the X-axis. 



(6) Theci 



ts the y-a) 



:s above the origin. It di 



the J 

(c) The locus is un- 
limited in the ^-direction, 
since y is real for every 
value of X. 

(d) and (e) As x in- 
creases from zero, y also 

since neither (■„ 
:an ever bei 
We conclude, 
therefore, that the function 
y has a turning point at the 
origin and that its value 
there is a minimnin. 

To plot the locus, we con- 
struct the auxiliary curves 



respectively AB s.nd A'B' (Fig. 54). 
The required locus, 

bisects the segment of each ordinate contained between the auxiliary curves. 
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The catenary is the curve formed by a flexible cliain hung between two 
supports. It 13 of great importance in problems connected with tlie con- 
Btruotion of suspension bridg&s. 

73. Simple harmonic curves, compound harmonic curves. The 
loci of the equations 

y — asin——- and ?/ = acos— ^ 

are called simple harmonic curves. They are constructed as in 
Art. 35. Simple harmonic curves represent simple vibratory 
or wave motion like that of a swinging pendulum carried forward 
with a uniform velocity in a straight line perpendicular to the 
plane in which the pendulum is swinging. The number a is 
called tlie amplitude of the vibration, and T, the period {cf. 
exercises, Art. 35). 

The loci of equations of the form 

y = asin — ±6sin?;^ or y = a am?^ ± b cos^^ 



are called compound harmonic curves. To construct a compound 
harmonic curve, we plot each of the simple harmonic curves of 
■which it is composed on the same coordinate axes and take the 
algebraic sum of the ordinates for any particular value of x as the 
ordinate of the required curve for that value of x. 

In general, to construct the locus of an equation of the form 

plot each of the auxiliai-y curves 

r/,^f,(x) and y,=Mx') 

on the same coordinate axes and take the algebraic sum of the 
ordinates for any particular value of x as the ordinate of the 
required locus for that value of x. 

Compound harmonic curves occur in the theories of sound, 
light, and electricity. Several simple harmonic curves may be 
Dombined to form a compound harmonic curve. 
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DAMPED VIBRATIONS 



EXERCISES 



1. If a pendulum makes i complete vibrationa per Becoad, show that its 
period is r = J. If the ampiitude of the vibratloo la 2, show that tlie motion 
of a point on tie pendulum is given by tlie equation p = 2 sin 8 jtx, where x 
represents time measured in seconds. Construct tbe locus of the equation. 

2. Construct the loci of the following equations : 

(a) y = eP + smx. (6) 9 = x + sin*. (c) j,-2s--co9 s;. 

(d> i/ = sin3; + sina3;. (e) y = x'^ + 2'. (/) y = x-Bia2x. 

3. The piston of an engine is connected to the drive wheel by a connecting 
rod. If the crank pin describes ^ circle whose radius is 2 feet and makes 200 
revolutions per second, what is the amplitude and the period of the 
harmonic motion described by the piston ? Write the equation e 

73. Damped vibrations. The loci of equations of the form 

y = ae"'^ sin kx or y — ae^"^ cos hx 

represent damped vibrations such as a pendnhtm vibrating ii 



^ -_j — ^ 



resisting medium. To illustrate the method of plotting the loci 
of such equations, we will construct the locus of the equation 
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Since the absolute value of the sine can never exceed unity, 
we see that the absolute value of y can never exceed the value of 

e"**. Again, when x is any odd integer, sin ^ is either + 1 or 

— 1, and when x is an even integer, sin — is zero. Hence we 
conclude that the required locus lies between the two curves 

y = e"*' and y = — e~*" (1) 

and crosses the X-axis whenever x is an even integer. 

The two curves in (1) can be constructed as in Art. 37, and are 
called boundary curves. The locus is shown in Fig, .')5, where AB 
and yl'S' are the boundary curves. 

In general, the loci of equations of the form 

y =f(x) sin fcc or ^ =/(^) '^os kx 

can be constructed by first plotting the loci of the boundary curves 

y=f(x)a,ixdy = ~f(x). 

EXERCISES 

1. Construct the following loci : 

(a) , = s!Bliix. (i), = xmr.. 

W» = |"ln"- (4) ,, = 1.111. 

(e)y=^smx. (/) v = «-'Binx. 

W!, = ^.l... (»,!, = (3+ g. in !|. 

2. Discuss tlie equation;/' = xBirt^x and construct the locus, 

74. Polar equationB. When the given equation is in polar 
coordinates, the main facts about the locus can also be determined 
by a discussion of the equation. The points to be determined by 
the discussion are the following : 

(a) Symmetry with respect to the pole. 

(1) The locus is symmetrical with respect to the pole if, for 
any given value of 9, the equation is satisfied by both + r and 

— r. This will happen when the equation contains only even 
powers of r. 
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EXAMPLE IX 



(2) The locus is symmetrical with respect to the pole if, when- 
ever the equation is satisfied by a point (r, $), it is also satisfied 
by (r, 9 + 180°). For then the locus cuts each radius vector at 
points equidistant from the pole. 

(6) Poirds where the locus crosses the inilud Une. These are 
found by putting $ = 0, or 180°, and solving the resulting equa- 
tion for r. If the equation obtained by putting »■ = in the given 
equation is satisfied by some value, or values, of 6, then the locus 
passes through the pole. 

(c) Limits of the locus. These are determined by finding the 
ranges of values of each variable for which the other has real values. 

(d) Change of one variable due to a given variation of the other. 
It is important to determine from the equation how increasing or 

5 either variable will affect the other. 



76. Example IX. D a 

(a) Since r = cos 2 e 
respect to the pole. 

(&) WTien equals 
initial line on opposite d 
pole. Again, r = 
fl^46=, 136%225%or315 
Therefore the locus passes 
through the pole four tim .a 
during one complete revo- 
lution of the radius vect 

(c) The radius vector is 
real, for every value of S 
but since cos 2 fl can uev 
be greater than unity, th 
locus Is entirely contair 
within the circle whose 



(d) Aa S • 
- 45" to 4- 46 



tive and the point (r, e) 
describes the loop to t 
right of the pole, Betwe 
46° and 136", cos 2 S, a d 
therefore r, is negative a d 
the point (r, 6) describe t 
is aga in positive and the pf 




bea he oop he eft f tb po e 
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EQUATIONS AND THEIR LOCI 



negative and the point (r, S) desoribeB 



Finally, between 225° and 315", r i 
the loop above the pole. 

The looua is one of a family of curves known as "rose curves" from the 
form (Fig. 56). 

76. Example X. Discuss tlie equation r^ = (ja cos 2 B. 

(a) The locus Is symmetrical with respect to the pole, since the equation 
contains only the second power of r, 

(b) The locus crosses the initial line at the points for which r — ±a and 
also at the pole. 

(e) - - iS" 

and + idius 







\ 




\''k ' 
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' yv, 




" /■■'- 
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• .-1- 


■ '■^: 


"' 



from 0° to 45^, the absolute value of r decreases from 

increases from — 45" to 0^ the absolute value of j- 

The locus consists, tlieiefore, of two loops as shown 
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EXERCISES 
is the following equations and construct the corresponding loci ; 



;. Discuss the equations r = a cos ii9 and r = a sin nS tor n an even 
ger ; for n an odd integer. What is the difference in the form of the 

I. Discuss the equation r = a tan 9 and draw the corresponding locus. 
. Change the equation in Example X, Art. 76, to rectangular coordi- 
is and compare with Art. 54. What is the loou-s? 

, first when c>a and then when 



5. Discuss the equation r 
I < a. What are the loci ? 



. Discusa the equation i" = 
. Discuss the equation r = 



. The locus is the lituus. 
The locus is the logarithmic spiral. 



TEANSFORMATIOH OF COORDINATES 

77. Transformation of the axes. The equation of a given locus 
!an be simplified often by changing the axes to a new position in 










1 


m 








Ij- 


Hlj 




= 






i^H 








ii 


f 1 



the plane, and then finding the equation which the new coiirdinates 
of the points on the locus satisfy. The operation of changing the 
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[Cb. 



■. V. 



axes is called transformation of coordinates, and the process of 
finding the new equation from the old is called transformation of 
the equation. 

When the new axes O'X' and O'T^are respectively parallel 
to the old axes OX and OT (Fig. 58), the transformation is 
called translation of the axes. Let the coSrdinates of the new 
origin 0', referred to the old axes, be h and k; the coordinates of 
any point F, referred to the old axes, be x and y; and the coordi- 
nates of P, referred to the new axes, be x' and t/'. Then, from 
either of the positions of O' shown in Fig. 58 {c£. Art. 3), we 
have 



0D = 



OE + ED and DP = DD' + D'P 

+ =k + y\ 



h and y — k + y'. (1) 

a ha qu n (1) hold wherever the point 0' may 
1 ed p vid d th new xes have the same direction as the 




on y = 2x +Sbj translating the axes 
mt (1, 5). 

Here, for Einy point (x, y) in the plane, 
i hence for any point on the locus of 
he given equation, 



x—l + x' and y = 5 + y'. 




Therefore, in terniB of x' and. y 


tllB 


en equation becomes 





5 + y' = 2{l + x'), OTy' = 



(2) 



The given equation y = 2x +3 
d the new equation y' = 2x' repre- 
it the same locus ; namely, the 
raight line shown in Fig. 59. The 
ind in the other, at 0'. 

78 R ta on of h ax Vhen the origin is not moved, but 

I h d ^h a given angle, the transformar 

tion IS called rotation of the axes. 

To obtain the equations for rotating the axes, let P be any 
point in the plane (Fig. 60) whose coordinates referred to the old 
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ROTATION OP THE AXES 



ases are (x, y), and referred to the new axes are {x', y'). Let the 
angle XOX', through which the axes are rotated, be denoted by 




$, the angle XOP by ^, and the angle TOP by a. If OP = 
then 

« = r cos <#. = r cos (6 + a) = r cos e cos « — r sin e sin a, 
)/ = r sin (/> = )• sin (^ + «) = r sin cos a -\- r cos 6 sin a. 



But r cos « = a/ and r 



if ; and therefore 

a; = ar' cos fl — y' sin 8, 
y -x' sin e + 1/' cos 6. 



(1) 



These equations express the old coordinates of any point in 

terms of the new coordinates. To obtain the new coordinates 

in terms of the old, we can solve equations (1) for x' and y', or 

we can derive x' and y' directly from the figure. In either way 

we find , „ . „ 

x' T=x COS 5 + »/ sin V, 

y' = ycosd —X sin 6. 



(2) 



Example. Transform the equation 2i xy—1 y^ = 144 by rotating tlie 
ixes through the acute angle whose tangent is |. 
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»4 EQUATIONS AND THEIR LOCI IChai 

Here aio S = J and cos 8= f , lience the equations for rotating the asei 

y = lx' + iy<. 
Substituting in the given equation and reducing, we have 
0,--M,:. = 144,o,g_«;.l. 
rhe given equation, therefore, represents an hyperbola whose semiaxet 



EXERCISES 

1. Transform the equation 3i + 7j/ = 8 to a new set of axes parallel to 
the old set, and having the point (4, ~ 2) as origin. 

2. Show that the equation «^ + i;^ = a^ ia unaltered by rotating the axes 
through any angle 9. What is the geometrical interpretation of this fact ? 

3. Transform the equation x^-y^ = 10 by rotating the axes through an 
angle of 45". 

4. Transform the equation x^ + y^ = a* by first translating the axes 
parallel to themselves, the new origin being at the point /^, 5J, and then 

rotating the new axes through the angle 46°. What is the locus of the 
resulting equation ? What is the locus of the original equation ? 

7*) Removal of terms of first degree When tlie gi\en equation 
IS an iUel)i iir e<ioition ot tlic ■ii-< nnil debtee m the vanablea and 
pniitams terms of the 
hist degree, the latter 
I tn otteii be removed 
h\ trmslating the axes 

lu^tr\ted bj the follow- 
ing example 

Example Given the 
equition ix 4-91/^ — 16 1 
— 18 J = 11 Translate the 
ixes -so as to remove the 




isnf h 



t degre' 



of x' and y\ equations (1), Art. 77, we have 
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Arts. 79, 80] REMOVAL OP THE TERM IN xy 95 

The coefBcients of x' and y' in this new equation are respectively 8 ft — 16 
and 18 Ir. — 18. Hence, if we choose k=2 and k—i, the terms of first degree 
will drop out of the new equation and it reduces to 



This equation represents an ellipse whose semiaxes are 3 arid 2, hence the 
given equation represents this ellipse. Figure fil shows the curve and l)oth 
sets of coordinate axes. 

80. Removal of the term in aey. The term in xy can be removed 
from an equation of the second degree by rotating the asea 
tlirough the proper angle. This is iUustrated in Art. 78. 

As another example, we will remove the term in 3y from the equation 

Substituting the values of x and y from equations (1), Art. 7S, and collecting 
terms, the given equation becomes 



(cos2 e 4 2 sin2 1 


S + 2 cos 


S siu (()k'2 + (2 cos e sin e + 2 cos2 S - 2 sin^ g)x'y' + 


(ain2e+-2oos^6 


1 - 2 sin i 


'COS 0)y'^- 4=0. (1) 


PutUng the coefficient of 


x'y' equal to zero, we have the equation 




2 cos 


1 e sin 8 + 2{cos2 e - sin^ 0) = 0, 


from which to determine 


B. But this equation is equivalent to 




sin2( 


I + 2 cos 2 S = or tan 2 e = - 2. 


Therefore 2 B = 
Since 


arc tai. ( 


-2) = 116'-'3l',nearly, or 8 = 58" IT, nearly, 
tan 2 e = - 2, 


we have 




iinJe= — ,cos S=^- 


Hence, 




COS'S l+™«20 V5--1, 

2 2V6 
sin'^e 1-COS20 V5 + 1, 



Ituting these values in (1), it reduces to 

3-V6 3 + V5 
e the given equation represents an ellipse. 
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96 EQUATIONS AND THEIR LOCI [Chap. V. 

EXERCISES 

1. Remove the terms of first degree and then tlie terra In xy from the 
equation. („) ,,_ »_ , _o ; (S) ,>,- j, + j = 0. 

What are the loci which these equations represent ? 

2. Show that the terms of first degree cannot be removed from tlie 
.quMlon M,._24,j, + b^_20«- 110, + 225 = 0. 

Try to generalize this result so as to tell at a glance whether the teniis of 
first degree can be removed or n t Iron any equation of the second degree. 

3 b ven the e uat on /' 1 -tj + y Rotate the axes through the 
angle 45 a d c pire the resUt ^ ei at on with Example V, Art. 70. 
What locua does the ve equa n represent ? 

4 In eserc se 2 ro at the aie tl rough the angle d = arc tan J and 
tl e t anfllate he lies ak n for new or n the point (2, 1). What locus 
does the equal n represe t ? 

81. Classification of algebraic curves. 

Theorem. 77ie degree of an algebraic equation in the, variables x 
and y is unalteted by ti ansfoi motion of i oordinates 

For, m transforming the equation by translation or rotation of 
the axes we replace x and y by expressions of the first degree lu 
x' and y' and theietore the degree of the equation cannot be raised 
by this process Neithei can it be lowered, for then it would be 
necessary to laise thf degree m transforming back to the oiigiiial 
axes, and we have just seen that the degree cannot be raised by a 
transformation of eooidinates Since the degiee cannot be raised 
or lowered by a transformation of coordinate'*, it must remain 
unaltered 

Because of the theoiem ]ust proved, algebraic curves can be 
classified convenientlj according to the degiee of their equations, 
since we now know that the degree of the equation is independent 
of the position of the axes with reference to the curve. 

If the degree of a given algebraic equation is any integer n, 
the corresponding curve is said to be of order n. The straight 
line is the only locus of order 1 (Art. 47), The circle, the ellipse, 
the hyperbola, and the parabola are all loci of order 2. The 
folium of Descartes is a locus of order 3 (Art. 70). The ovals of 
B loci of order 4 (Art. 54). 
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Tlie succeeding chapters will Le devoted to a special study of 
loci of orders 1 and 2. 

MISCELLANEOUS EXERCISES 

1. Show that the triangle whose vertices are (3, 2), {- 1, - 3), and 
(- 6, X) is a right triangle. 

2. On the line j — 6 = a segment is laid off, having for ahacissas of its 
extremitieB 2 and 5, and upon this segment an equilateral triangle is con- 
structed. What are the coordinates of its third vertex ? 

3. rind the coordinates of the point dividing the segment (5, 2) to 
(4, — 7) in the ratio 4 : 7. 

4. Changethepolarequationr = a + - ■ to one in rectangular coimil- 
natea. Plot the locus. 

5. Remove the terms of first degree from tlieequation4i^+9y— 8?/— 6 = 
and plot the resulting equation. 

6. Find the rectangular equations of the asymptotes of the hyperbola 
whose polar et 



7. Discuss the equation j' = 4a2 — a* and plot the locus. Write the 
parametric equations of the locus i! y = tx. I beii^ the parameter. 

a. Discussthe equation y^ —7? ■ and plot the locus. Write the para- 

metric equations if y = (a;. 

9. Write the parametric equations of the locus of a;* ■\-y^ = a^, assuming 

10. OB is the crank of an engine and AB the connecting rod, A being 
the piston. A moves in a straight line passing throngh 0. Find the equa- 
tion of the locus of any point T on the connecting rod. Let P be a units 
from A and 6 units from B, and let r he the length of the crank, OB. Dis- 
cuss the equation and plot the locus. Write the parametric equations of the 
locus, assuming y^ a sin B. What is the locus when r = a + b? 

11. Discuss the equation ^(a — x)~ 'j?(a + x)=0, and plot the locus. 
The curve is called the strophoid. 

12. Construct the locus of s = sin2a; + ^; of y = e-' + ix^; of 
K = l -coso;. 

13. Discuss the equation r^ = n^ sin 2 fl and plot tlie locus, 

14. Discuss the equation r'^ = a^ tan e and plot the locus. 
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CHAPTER \I 
LOCI OF FIRST ORDER 

82. Linear equations. We have seen (Art. 47) that the equa- 
tion of eveiy straight line ia of the firat degree in x and y ; and 
conversely, that every equation of first degree in x and y ia the 
equation of a straight line. For this reason, an equation of the 
first degree in x and y is called a linear equation. 

Every linear equation is of the form 

Ax-^-By + C'^O, (1) 

where A, B, and C are constants. These constants can have any 
values, except that A and B cannot both he zero, for then the eqnar 
tion vfould contain neither variable. If A is zero, (1) is the equation 

of a line parallel to the X-axis, for then y has the value — — for 

all values of x. If B is zero, (1) is the equation of a line parallel 

to the F-axis, for then x has the value — — for all values of v- 
A " 

Finally, if (7 is zero, (1) is the equation of a line passing through 
the origin, for then the equation is satisfied when a; = and y^O. 
For A, B, C different from zero, the slope of the line is given 
by the formula ^ 



and the intercepts 

respectively. 

1. Pind the slope! 
following : 

(a) x + VBy + iO = 0. 
(c) bx-\2y = 13. 



I, b on the X- and I'-axes by 



EXERCISES 
snd intercepts of the lines whose equatioi 

(h) y = x-&. 
{d)2x-3y = 4:. 
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(e) x-a^O. (J) iy + -ix = 2i. 

(g) Bx-\-iy = 20. (ft) 2i - 4 y + « =0. 

(0 2x-^Zy = 0. (}) j/=4. 

(t) Ja; + £!/ + C = 0. (0 (<i'-b'')x={a+b)s + c. 

2. If a and 6 represent the intercepts on the X- and y-axes respectively, 
and m the slope, determine the equations of the lines for which 
(1) a = 2, 6 — 3. (2) a = - 1, nt - 4. 

(8) 6=3, m=- 2. (4) m=-6, a =-2. 

(6) a = 2, and passing through the point (4, — 3). 

(6) Passing tlirough the points (— 1, 2) and (5, —4). 

(7> a=^, m^~^- 
^ ■' 0' C 

83. Intersection of two lines. The coordinates o£ the point of 
intersection of two lines must satisfy the equation of each line, 
since the point lies on each line. To find the coordinates of the 
point of intersection it is only necessary, therefore, to solve the 
equations simultaneously for x and y. For example, a; = 3 and 
y = 4 is the comuion solution of the two equations x~ y + 1 = 
and 43i + )/ — 16 = 0; and these are the equations of two stra^ht 
lines which intersect in the point (3, 4), 

In general, two straight lines intersect in one and only one 
point. But they may be : 

(1) Parallel to each other. 

(2) Coincident. 

In the first case the slopes of the lines ai'e equal and their 
equations have no common solution. For example, the equations 

2a;-3;/ = 4and2a!-3y = 7 (1) 

are the equations of a pair of parallel lines, since the slope of 
each is -^. The equations have no common solution. The equa- 
tions of a pair of parallel lines are called incompatible or inconsist- 
ent.* Thus equations (1) are incompatihle. Obviously 2x—Sy 
cannot he 4 and 7 at the same time fov any values of x and y. 

In the second case the slopes of the lines are also equal, but 
their equations have an indefinite number of common solutions, 
since any pair of values of x and y that satisfies one equation must 
also satisfy the other. The equations, therefore, can differ only 

* See Rietz and Cratliorne, College Alyebra, p. 49. 
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by a constant factor. The equations of a pair of coincident lines 
are called dependent. Thus, the equations 

U ^ — 3 T/ = 4 and 4x — Gy — 8 
are dependent and are the equations of a pair of coincident lines. 

EXERCISES 

1. Find the iiiterseotions of the lines represented by the following pairs 
of equations. Tell which are inconsistent and which are dependent equations. 
{a) 2x + ay = l2,ix-y = &. (6) 3k 4- 5s( = 1, Oa; + lOj/ + 7 = 0. 
(e) 5x-2y + 4 = 0,x-.iy = ~.8. (d) K + Sjl - 15, 33; - y = 5. 
Draw the lines In each case. 

2. Write an equation representing the same straight line as 63^+4^—20=0 
in which the sum of the coefBoients shall be 22 ; in which the product of the 
first and third coefficients shall he equal to the second. 

3. Change the equation 3« — 4j + 12 = into another representing the 
same straight line and having the square of the second coefficient equal to 
twice the third minus four times the first ; having the product of all three 
coefficients equal to minus three times the last. 

4. The equations 63; — 2i/ — 3 = and Ax + B^ + (? = are dependent 
and £2 + 2(A + 0)- 24. Find A, B, and O. 

84. The pencil of lines. Let m = and tj = &e the equations of 
two straight lines, then the equation 

u + kv^t) (1) 

is the equation of a straight line passing through the intersection of 
M = and V = 0, whatever valiK is given to k. 

Here u and v are each expressions of the first degree in x and 
y and therefore m + fcu = is the equation of some straight line 
(Art. 47). Moreover, m + fcw = is satisfied by the coordinates 
of the point of intersection of m = and v = and therefore it is 
the equation of a straight line passing through the intersection 
of M = and V = 0. 

If k is allowed to vary, a series of lines is obtained each pass- 
ing through the intersection of m = and v = 0. The totality of 
lines so obtained is called a pencil of lines (Fig. 62). 

The constant k can be determined so that the line u i-kv ^0 
shall satisfy any single condition, such as passing through a given 
point, having a given slope, etc. 
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THE PENCIL OF LINES 



Esauiple. Find the equation of the 
line' passing througli the intersection of 
2x + Sy~i-0 and a; + 2;/— 5 = 
and also through the point (2, 3). 

The line whose equation is required 
is one of tlie pencil 
23: + 3sF-4 + i-(K + a5)-5)=0. (2) 
Since the line is to pass through the 
point (2, 3), these eoSrdinates must 
satisfy the equation. Hence A; =—3. 
Suijstituting this value of k in (2), we 
have the required equation, 

« + 3!f~ll = 0. 
This result may be verified by solving 
the given equations simultaneously and 
then finding the equation of the line 
passing throngh the common point and 
the point (2, 3) in the usual way.» 




EXERCISES 

1. What is the equation of the line passing through the origin and through 
the intersection of the lines x + 3j) — 8 = and ix — 5y= 10 ? 

2. The equations of the sides of a triangle are 6j:— 6y — l(i ir+5v 20 
and 1 + 2^ = 0. Find the equations of the lines passing through the ver 
tices and parallel to the opposite sides. 

3. Find the equation of the line which passes through the intersection of 
the lines 2'j: — Sy + 1 = and a-!-5^ + 6=0 and is perpendicular to the 
first of these lines. Which is parallel to the line 5x — ii + 10 = 

4. What is the equation of the tine which passes through the intersection 
of the lines y — Tx — i and y = — 2x + & and makes an angle of (10° with the 
positive end of the a-axis ? 

5. Find the equation of the line which passes through the intersection of 
the lines 5y — 23;— 10 = and ^ + 43;— 3=0, and also tiirough the inter- 
section ot the lines lOj/ + * + 21 = and 3 y - 5 a; + 1 = 0. 



The equations 

5y-2x-10 + kiy + 4x-S)=0 3.r,A lOy -i- x -\-2l + Jc'(3y-5x + 1) = 
must be d^endent (Art. 83). 

IB of any degree 
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85. The pair of lines. Let m = and d =^ &e the equations of 
two straight lines, then the locus of the equation 



is the pair of lines m.= and i; = taJeeM together. 

For the equation u ■ v = is satisfied only when one of the 
factors, M or v, is equal to zero or when both factors are equal to 
zero. But the two straight lines pass through all the points 
whose coordinates satisfy the equations m = and v = 0, and 
through no others. Consequently these lines, taken together, 
form the locus of the equation u- v—0 (Art. 63).* 

Example. The locus of tho equation x'^ — if' = is the pair of lines 
X + !/ = and x — y = 0. 



1. Draw the pairs of lines whose equations are the following : 

(a) 3^ + 3^ = 0. (6) 2x!'-i-5xg — Sy^ = 0. (c) v^-bx + 6 = 0. 

(d) 2!^-xy + 4x-9y + i = 0. (e) 3?-y^ -2y-T ^0. 

2. Write the equation of the pair of lines each of which passes through 
the origin and whose slopes are respectively VS and — VS. 

3. Write the equation of the pair of lines each of which passes through 
the point (1, 2) and whose slopes are respectively 2 and — j. 

86. The normal form. We have seen (Art. 57) that the polar 
equation of a straight line is 

)'COS(^ — «)=ip, 

where p is the length of the perpendicular from the origin on 
the line and a is the inclination of this perpendicular to the 



Expanding cos ($ — a), the equation 

r (cos 6 cos a + sin 6 sin a) =p. 

Since rcos^ = 3: and rsmd = i/, the equation in rectangular 

coordinates is 

ic cos o + y sin o = p. (1) 

re expresBions of any degree 
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This is called the normal form of 
the equation of a straight line (Fig. 
(-3). 

87. Reduction of Ax+By + C=(i 
to the nonnal form. The problem 
before ua eonsiats In reducing the 
given equation 

Ax-\-B!/+O=0 (1) . 

to the form 

xcosa + ysina — p = 0. (2) Fig. ijh 

Since (2) is to be the equation of the same line as (1), the two 
equations can differ only by a constant factor (Art. 83). Hence 
■we must have 

cos a = kA, ain « = kB, and ~p = kC, (3) 

where h is the constant factor. From the first two of these equa- 
tions, by squaring and adding, we get 

1 = ie{A^ + I 
Therefore 



\ 

\ 








\ 


J-U.t) 






k 


K 







" \ 


X 



± V^' -(- s" 



, aud — if)= 



(i) 



In order to determine which sign shall be. given to the radical 
n any numerical example, we shall assume that f) is always a 
positive number and then, from 
(4), the sign of the radical must 
be opposite to the sign of 0. 

For example, to reduce 
3a;+4y+10=0 to the normal 
form, we divide both members 
of the equation by — VQ +16 
= — 5 and obtain 




-2 = 0. 



Therefore 
= -t, and a = 



(Fig. 64). 
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1. Write the equations of the lines for which : 

(n) p = 5,a = m°. (b) p = 5, «=120°. (c) p=-5, « = 330^. 

((1) ji=0, « = 225°. (e) j. = l, « = 45=. (/) j, = 6, «=-60°. 

2. Reduce the following equations to the normal form and plot the lines 
of which they are the equations ; 

(a) 4x-Sy=25. {b)x + i = <}. (_c)x + 2y = -S, 

(a)i,y-3 = 0. (e)2x-i,=^0. (,/) x-Sy + i = 0. 

3. What system of lines is given hy a;oos«4- y sin«— ji = when a 
is constant and p varies ? When p is constant and a varies ? 

4. Two lines can be drawn through the point (2, 6) and tangent to the 
circle x^ + i/^ — 25. Find the equation of each line. Draw tiio tigure. 

88. Distance from a line to a point. With the help of the 
noniial form of the equation of a straight line, it is easy to find 
the length of the perpen- 
dicular DP drawn from a 
given line AB to a given 
point P(x„ y,) (Fig. 65). 
Thus, let the equation of 
AB, reduced to the normal 
form, be 




X cos a-\-ys\ 



K-p=0. (1) 



Then the i 



Through P draw BS paral- 
lel to AB, and let OM=-p, 
be the length of the per- 
pendicular from to lis. 
mal form of the equation of ItS is 



Hence, 



a; cos u + yaiii a — p,= 0. (2) 

) P is on BS, the coordinates x^ and y^ must satisfy (2). 
fl^i cos a + y,sma = p,. (.'i) 

Subtracting p from both members of (3), we have 

X, cos a + y,sma-p = p,-p=OM- 0K= DP. 
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Hence the following rule : 

To find the distance fi-om a line to a point, reduce the equation 
of the given line to the normal form with the right member equal to 
zero ; substitute the coHrdi-nates of the given point in the leji member. 
Tlie result is the required distance. 

The sign of the result will be negative when p, < p; that is, 
when the given point and the origin are on the same side of the 
given line. The sign will be posi- 
tive in the contrary case. 

Example. Find the distance from tht 
line 8 1 + 4j/ + I2 = 0lo the point (3,3). i\ 

Here the normal form of the given 
equation is 

Substituting 3 and 3 for x and y in the 

left member, we find the required distance 

is — 0. Figiire 6fi illustrates the example. Note that the given pom 

the origin arc on the same side of the line. 




EXERCISES 

1. Find the distance of the point (3, 5) from the line 23; — 3^ + 6=0. 

2. Find tlie distance between the parallel lines T x — Sy = 15 and 
Tx — Sy^iO. 

3. The line 6x + V2y = 25 touches a circle whose center is the orifjin. 
Find the radius of the circle and write its equation. 

4. The line Oa: — 8j) = 15 touches a circle whose center is the point 
(— 3, 4). Find the radius of the circle and write its equation. 

5. Find the equations of the circles inscribed in the following triangles : — 

(a) x + 2y-(, = 0, 2*-ff-5 = 0, 2x + g + & = <i. 
(6) Sx + y-l = 0, x-Sy~S=^0, » + Sy + n = 0. 
(0) x + 2 = 0, y~3~0, x + y = 0. 
(d) J! = 0, y==(}, x + y + 3 = l). 

89. The angle which one line makes with another. When the 
equations of two lines are given, the slopes of the lines are known. 
The tangent of the angle which one line makes with the 
other can then be computed as in Art. 13. For example, we 
will find the angle which the line x+2y--3 = (i makes with the 
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line 3x—y + i = 0. Here the slope of the first line is m, = — | 
and the slope of the second line is m, — 3. Therefore, by formula 
(4), Art. 13, we have 



The angle rf> is approximately 98° 8'. The student should < 
struct the figure to illustrate this example. 



EXERCISES 

1. Find the angle which, tlie line .ir — i/ -i- A =0 make? with ilie line 
2x + y-2 = l). 

2. Find, the angle which the line Kr — fl(/ + l = make- \*ith thp line 

3. Find the angles of the triangle fomud liy tlie Ime'j 3; + 3y— 4 = 0, 
33^-2y + l=0, and x-y + Z = (l. Draw the figure 

4. Find the equations of the bisectors of the angles fomieii by the two 
lines Zv. — iy + 'i = <i and 4x--3y— 1 = Show that the bisectors are 
perpendicular to each other. 

Sdoobstion. Any point on the bisector of an angla is equidistant from 
the lines forming the angle. 

5. Find the equations of the bisectors of the interior angles of the tri- 
angles formed by the lines 5 1 - 12^ = 0, 5a:+ 13j* + 60 = 0, and 12x — 5y 
— 60 = 0. Show that the bisectors meet In a point. 

6. Generalize the preceding exercise and thus show that the bisectors of 
the interior aisles of any triangle meet in a point. Choose the coordinate 
axes so that the equations of the sides of the triangle are as simple as possible. 

7. Show that, for any straight line, 

coa« = -, sin« = ^, and tan« = , 

where a and 6 are respective 
the perpendicular from the o 
perpendicuhir to the X-axis. 

8. Write the equation of tlie straight line for wliicli : 

(1) « = 3, 6=-2; (2) = 5, p = 3; (3) m = f, j; = 5. 

9. Of the five numbers a, 6, m, j), and ti, having given any two, the other 
three can, in general, be determined. What cases form an exception to this 
general rule ? From the given pairs in exercise 8, determine the otlier three. 



Hosted by 



Google 



CHAPTER VII 

LOCI OF SECOND ORDER. EQUATIONS IN STANDARD FORM 

DIRECTRICES 

90, Review. We have fouod that the circle, the ellipse, the 
hyperbola, and the parabola are curves of the second order (Art. 
81). The definitions of these curves and also the process of find- 
ing the standard forms of their equations should be reviewed 
(Chapter IV). 

In this chapter we shall derive some important properties of 
these curves, making use of the standard forms of the equations. 



1. If a ond 6 represent the lengths of the semiaxes and e the eccentricity 
writ« the standard equation of the ellipse for which ; — 

(1) (1 = 3 and 6 = 2. (4) 6 = 4 and c = ae = 3. 

(2) 6=8 and f.-\. (5> a = 5 and c = 3. 

(3) a = fi and e = |. (6) c = 4 and « = \. 

2. Find a, 6, c, and e from the following equations : — 

(1) 35^-25 a' = 25, (4) ^x^ + i^ = SS. 

(2) x^ + 26y^ = 2h. (5) 2x^-5^^-20. 

(3) 0»'-4i,= ==36. (6) 2 3:2 4.5j,2 = 2o. 

3. Find the lengths of the foeal radii of the ellipse x^ + S ^ = IS, drawn 
to the points whose abscissa is — 2. 

4. I'ind the lengths of the focal radii of the hyperbola 9x^ — iy' =65, 
drawn to the points whose ordinate is 2. 

5. Show that the circle is the limiting form of the ellipse as a and b 
approach equality. What is the eccentricity of the circle and where are its 

6. When the semiaxes of an hyperbola are equal, the hyperbola is called 
equilateral. Show that the distance from any point on an equilateral hyper- 
bola to the center of the curve is a mean proportional between the focal radii 
drawn to the same point. 

107 
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ICh, 



■. VII. 



91. Directrices. Let e represent the eccentricity and a tlie 
semitransverse axis of an ellipse or an hyperbola. The lines 
drawn perpendicu- 
lar to the transverse 
e at the dis- 
tance — to the right, 
e 

and the other — to 




the left of the cen- 
ter, are called tlie 
directrices. In Figs. 
67 and 68, the lines 
DE and DiE^ are 
the directrices. 
The focus and directrix on the same side of the center are said 

to correspond to each other. Thus, DE corresponds to F and 

D,Ei to F,. 

93, A fundamental theorem. If the length of the focal radius to 
any point on an ellipse or an hyperhoJa is dioided by the distance 
of the point from the corre- 
sponding directrix, then the ratio 
BO formed is constant and equal 
to the eccentricity of the curve. 

We are to prove (Figs. 67 
and 68) that 

FP ^F,P_ ^ 

PD~ PD,~ ' 
where P is any point on either 
curve. From Art. 50, we have 
FP=a + exa,ndF,P=a — ex, 
and from Fig. 67, 



\ 






^L / 


V 


/ 


-^ 


7f' 


/ ^ 


^%' 


h 





PD = 



c and PD^ -- 
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The theorem is proved for the hyperbola in the same way, 
making use of the lengths of the foeal radii (Art. 62) and Fig. 68. 

93. Construction of an ellipse or an hyperbola. The theorem in 
the preceding article furnishes a convenient method for construct- 
ing an ellipse or an hyper- ^ 
bola when the eccentricity 
and the distance from a 
focus to the corresponding 
directrix are known. For 
example, to construct the 
hyperbola whose eccentric- 
ity is f and the distance 
from one focus to the cor- 
responding directrix is 2, 
let F be one focus and AB 
the corresponding directrix 
(Fig. 69), so that the dis- 
tance QF is 2. Draw a 
parallel through F to AB, 
and lay off the equal dis- 
tances i?'iWand FM' ao that* 
FM^ FM ' ^ 3 
QF QF 2 
Draw QM and QM' and a 

series of parallels to AB. Let one of these parallels meet QjV/ 
and Qjtf' in i and V, respectively, and QF in I). The triangles 
QP3/ and Q,DL are similar, and therefore 

FM -.QF-.-.DL: QD, 

or the ratio DL : QD is equal to the given eccentricity f. With 
F as center and DL as radius, draw arcs of a circle cutting LL' 
in a and R'. Then M and R' are points on the curve, since 
FE: QD = DL: QD — 3: 2. In this way as many points of the 
curve can he located as may he desired. 

not vouceiDed 
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An ellipse can be constructed in a similar way. 

By construction, the angle FQM = arc tan e and is, therefore, 
greater than 45° for the hyperbola, and less than 45° for the ellipse 
(Arts. 60 and 62). 

94. Two common properties. By definition (Art. 53), the length 
of the focal radius to any point on a parabola divided by the dis- 
tance from the point to the directrix is equal to unity. Compar- 
ing this statement of the definition of the parabola with the 
theorem in Art. 92, we are led to define the eccentricity of the 
parabola as unity. Consequently, the ellipse, hyperbola, and parab- 
ola have the following important property : 

(.^1) If the length of the focal radiits to any point on one of these 
curves is divided hy the distance from the point to the corresponding 
directrix, then the ratio so formed is constant and equal to the eccen- 
tricity of the curve; this ratio ia less than 1 for the ellipse, equal to 
1 for the parabola, and greater than 1 for the hyperbola. 

The three curves have another important property in common; 
namely, 

(B) They are sections of a right circular cone (Part II, Art. 159). 

The circle is also a section of a right circular cone. The four 
curves are therefore called conic sections, or more briefly, conies. 

Note. The oonics were originally studied Ijy tlio Greeks, who used 
property (B) ss a definition. Property (.d) was probably known to Euclid 
and his contemporaries (300 b.c), but the earliest mention of it now known 
to exist occurs in the "Collections of Pappus" (100 a.d.). 

EXERCISES 

1. In an ellipse, given a = 3 and 6=2. Find c and e, locate accurately 
the foci and directrices, find tlie distance from a focus to the corresponding 
directrix; write the standard equation in rectangular coordinates, the polar 
equation with the pole at the left-hand focus, and the parametric equations. 

2. Find a and 6 for the hyperbola constructed in Art. 93. Writ* the 
standard equation in rectangular coordinates, the polar equation with the 
pole at the left-hand focus, and the parametric equations. 

3. Make an accurate construction of the ellipse for which « = J and a = 8. 
Locate the foci and the directrices and write the three standard forms of 
its equation as in the preceding exercises. 
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4. Construct the hyperbola for which a — i- and 6 = 6. Locate the foci 
and directrices and write the three standard forms of ila equation. 

5. The length of the focal radius drawn to one extretoity of the minor 
JKis of an ellipse is 5 and the eccentricity is J. Construct the curve 
and locate the foci and directrices. 



TANGENTS 

95, Equation of a tangent in terms of the slope. If a straight 
line meets a ourve in the points P and Q, these points will move 
along the curve when the line is either rotated about some point 
in the plane or moved parallel to itself. If it is possible to pass 
continuously along the curve from P to Q, it will be possible to 
move the line in either of the ways mentioned so as to cause P 
and Q to coincide in a point E. The line PQ is then tangent to 
the curve at Ji, and R is the point of contact. 

To And the coordinates of the points of intersection of a curve 
with a straight line, it is necessary to solve the equation of the 
curve and the equation of the line simultaneously. 

The circle. Let the given curve be the circle 



(1) 



and take the equation of the lir 



Eliminating y between (1) and (2), 
we see that the avcoordinates of the 
points ot intersection are the roots 
of the equation 

(1 + mS)aja + Smkx+(k9 - aa) = ». 
(A) 

The line will move parallel to 
itself when k is allowed to vary, and 
the points of intersection, P and Q 
(Fig. 70), will coincide when, and 
only when, the roots of equation (A) 




e([\\al ; that is, when 



4(1 -f 



.^(i-^- 



Hosted by 



Google 



112 LOCI OP SECOND, ORDER [Chap. VII. 

Solving this equation for k, we have 

Hence, when k has either of these values, the roots of (A) are 
equal and the points of intersection of the circle with the line 
coincide. Therefore, the lines 

y = mx±a^l + ^ (3) 

are tangmts to the circle x' + y^ = a^. 

The ellipse. SimiUrly, solving the equation of the ellipse 

and equation (2) simultaneously, we find that the iK-coordinateg 
of the points of intersection are the roots of the equation 

(a^ms + &2)a;3 + 2 a^mkac + «3(fc2 - 63) = 0. (E) 

The roots will be equal, and consequently the lioe a tangent to 
the ellipse, when 

4 «= (a'm' + b^) (k" - &=)= 4 a*mW, of7c=± Va^^^'+¥. 

Therefore, Ike lines 

y = ma! ± V«3^3 + feS (5) 

are tangents to the ellipse whose equation is given in (4). 

Tlie hyperbola. The 3>co6rdinates of the points of intersection 
of the hyperbola 

'" ""=1 (6) 



a' w' 



with the line y = mx + k are the roots of the equation 

(a^m^ - 6S)a,s + 2 a^mkx + a^(0 + 6») = 0, (C) 

and these roots are equal when k has either of the values 

k = ± Va^m^ — 6'. 
Therefore, the lines 



are tangents to the hyperbola whose equation is given in (6). 

The parabola. The axioOrdinates of the points of intersection 
of the p 
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with the line y = mx + k are the roots of the ec[uatioii 

m^x^ + {2 mh - ^p)x + ft^ = 0, (D) 

and these roots are equal when k has the value — • 

Therefore, the line _ ^^ _,_ £ ,„, 

is a tangent to the parabola y^ = ipx. 

As an example of the use of the foregoing formulas, we shall find the equa- 
tions of the tangents to the hyperbola 

3^2 _ 4 J,2 = 36 

which have the slope §. Here a = 6, 6 = 3, and m = |. Substituting la 
(7) , we find the required equations are 

6y=5x±2i. 
Again, to find the equations of the tangents to the ellipse 

4 3^ + 9 1/2 ^ 36, 
which pass through the point {2, 3), use equation (5). Here a = 3, b — ^, 
and we are to find m so that the tangents pass through tlie given point. 

Hence we must have 

S = 2m±>/SmH4, 
from which we find 

- 6 j- vei 

5 
The required equations are therefore 



The formulas (A), (B), (C), and (D) are of frequent use in 
what follows. 

Note that properties of the hyperbola, expressed by equations 
involving the semiaxes, can be derived from the corresponding 
properties of the ellipse by changing the sign of ff'. Thus, equa- 
tions (B) and (C) differ only in the sign of 6'. 

EXERCISES 

1. Find the equations of the tangents to the following conies ; 

(a) j)2 = 4 if, slope = i- (d) i^- iy^ =30, passing through 

(b) 0? + ^ = 10, slope — — 4- the point (3, 4). 

(c) 9 j:^ + 16 y2 ^ 144, slope = - i- (e) ^' + 4y^ = 36, perpendicular to 

0i-4j/ + 9 = 0. 
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2. Find the equations of the common tangents to the following pairs of 
conies. ConBtnict the figures, 

(a) !^t^6rand9a^ + 9j^ = lB. 

(6) 93;2 + 18j(2 = 144and7i2-32i/S = 224. 

(c) a= + i^ = 49andl3*» + 50j)2 = 650. 
SuooESTioir. Find the equations of tangents to eaoti (lonio in terms of the 
slope and then determine the slope bo that the two equations shall be depend- 
ent (Art. 83). 

3. Prove that two tangents to the parabola y^ = ipx which are perpendic- 
ular to each other intersect on the directris:. 

SuGGBSTioN. The slopes of the tangents are negative reciprocals of each 
other. Hence their equations are 

y — mx + £- and y = pjm. 

But these lines intersect in a point whose abscissa is — p, whatever the value 
of m. Construct a figure illustrating this 




The point of intersection must satisfy both these equations ; hence the equa- 
tion of Its locus is found by eliminating m from these equations. To do this, 
remove the radicals from each equation by transposition and squaring. Thus, 

(y — niic)= = a^njs ^- 6^ and (my +x)^ = a* + ft^m*. 
Add these equations, member to member, and divide by the common factor 
1 -I- m*. The circle x^ + y^ = a^ + l>^ is called the director clicle for the 
ellipse. Construct a figure illustrating this exercise. 

5. The locus of the intersection of a pair of perpendicular tangents to the 
hyperbola is called the director circle for the hyperbola. Find its equation 
and show that it is. a real circle only when q> &; it reduces to a point for 
the equilateral hyperbola, a = b ; and is imaginary for a < 6, Construct a 
figure illustrating this exercise. 

6. If a perpendicular is dropped from either focus of an ellipse (or an 
hyperbola) upon a tangent, show that the locus of its inteisectiou with the 
tangent is a circle whose center coincides with the center of the curve and 
whose diameter is the transverse axis of the curve. 

SuoGESTioN. For the ellipse, the equations of the tangent and the perpen- 
dicular through the left-hand focus are, respectively. 
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y = mz + Va^' + d- mill y = — \ f- 

Hence, (y — mx)^ - a^m^ + b\ 

and (my + xy ^ c^ = a^ ~ b^. 

Addinj; and dividing by the common factor 1 -H m'', we have 

This circle is called the major auxiliary circle. The equation of the minor 
aiuciJifliy circle ia x^ + y'' = 6^ (of. Art. 31). Construct a figure illustrat- 



7. Show that the loeua of the intersection of a tangent to j/^ — ipx vi\tti. 
the perpendicular from the focus is the Y-axis. 

8. Show that the pro<3uct of the perpendiculars from the foci upon any 
tangent to an ellipse is constant and equal to 6'. State and prove the corre- 
sponding property for the hyperbola. 

06. Coordinates of the point of contact. Equations (A), (B), 
(C), and (D) of the preceding article serve to find the coordinates 
of the point of contact on a tangent having the given slope m. 
Thus, for the ellipse, 

Therefore, *?»?' + 2 ahakx + a*m^ = 0. 

The left member of this equation is a perfect square, as it should 
be, and gives foe the aMioSrdinate of the point of contact 



Since the point of contact is on the line y~mx + k, we have 
, , — «^' , , —a'm^ + li? V 

.,=„+t=-^+s=— ^ — .-. 

Therefore, the points of contact on the tangents having the slope m, 
"'■e f — - — ! — 1, where k has the values ± VaW + b'. 

Similarly, for the parabola, making use of equation (D) and 
the corresponding value of k, the a^coiirdinate of the point of con- 
tact is given by the equation 

mhf-2px + ^^^0, 
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from which x=-^,. Substituting in 7/^=mx-{-k, we titid that 
2/ — ™. Therefore, the poiiii of contact on t/ie tangent having the 



Aope 71 



EXERCISES 



1. Show that thecoiSrdinates of Ihe points of contact of the tangents to the 
hyperbola *„-?^ = l: having the slope m, are/—-"-—, ~ \, where k has 



the values ± va%^ — ft*. 

2. Show that the coordinates of the points of contact of the tangents to 
the circle 3? + '!f = a\ having the slope m, are ( ~ """' ■ —\ , where k has 

____ V fc kj 

the Taiues inVni^ + I. 

it of the tangents to the 

t of the tangents to the 



97. Equation of a tangent in terms of the coordinates of the point 
of contact. 

First method. Let P{x^, y,) be the point of contact of a tangent 
to the ellipse 

"i + !i = i- 

Then, by the preceding article, 

^^ = ~"""' and !/i = -. 
Eliminating A; by division, we have 

X, ahn' ah,. 

Since the tangent passes through the point of contact, its 
equation is 

J, - y, = mix -X,) = ~^^(X- X,). (1) 
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Clearing of fractions and remembering that fi'a^' + a^y^" = aW, 
since the point of contact is on the ellipse, equation (1) reduces to 

For the parabola, if P{Xi, t/,) is tlie point of contact of a tangent, 



we have seen that y, = 

is ^, and its equatioi 
.¥1 



Therefore the slope of the tangent 




y-7,, = m{x-x,) = 

Clearing of fractions and remember- 
ing that y,^ = 4 pa;,, we have 

yyi = 2p{x + x,). (4) 

Second method. Let a secant meet 
a curve in the points /"(»„ y,) and 
Q(x, + h, y, + k) (Fig. 71), so that 
the projections of the segment PQ 

upon the X- and y-axes are respectively h and k. The slope of 
PQ is then -. The coordinates of P and Q satisfy the equation 
urve. Hence, if the curve is an ellipse as in the figure we 
^-i-Hl^l and . 



of the c 



Subtracting the hrst equation from the second, member from 
member, we obtain the equation 



2hx^ + k^ 2ky,+k'' _ 



a\2y, + k)' 



(6) 



As the secant rotates about P(cf. Art, 95), the point Q approaches 
P along the curve and in the limit coincides with it, and then the 
secant becomes the tangent at 7*. But the slope of the secant is 
constantly equal to the right-hand member of (6). When Q coin- 
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cides with P, both ft and k are zero, and the right-haod member 
of (6) gives the slope of the tangent at P\ that is, 

The equation of the tangent is then found as in the first method. 

EXERCISES 

1. Write the equation of the tangent to the ellipse Zr?-\-iy^- II) at 
the point (1, 2). 

2. Show that the equation of the tangent to the hyperbola ^^ — ^= 1 
at the point (a:,, j, ) is '^ - ^ = 1. 

3. Write the equation of the tangent to the hyperbola 2 x' — j/^ = 14 at 
the point ( i — 2) 

4. Find the equations of the tangents to the ellipse 16 1^ + 25 y'^ = 400 
which pass through the point (3, 4), 

5. Write the equation of the tangent to tlie parabola 1/^ = 62 at the 
point (6, - fi) 

6. Tmd the angle which the ellipse ix^ + 'y^ = b makes with the 
parabola ^^ = a a^ at a point of intersection. 

SvoGGSTiON. Find the equation of the tangent to each curve at a point 
of intersection and then iind the angle which one tangent makes with the 

7. Show that the equation of the tangent to the circle 3? +y^ = a^ at the 
point (ail, yi) i»xxi+ yyi = a^. 

8. Show that the length of a tangent to the circle t? + ^ = a\ in cluded 
between the point of contact and the point (x^, S)j), is '\/x^ + y^~ a^- 

9. Prove that the circles whose equations are3;*+y^ — 8x + 4)/ + 7=0 
and i^ + j/2— 10a; — 69 + 21 = intersect at right angles. 

SuGGBSTioN. Show that the square of the distance between the centers is 
eqnal to the sum of the squares of the radii. 

10. Using the second method of Art. 97, find the equations of tlie tan- 
gents to the following curves at the points designated : 

(a) !,2 = ^, at{4,8). (6) y = ^\x - l\ ^t {2, i). 

(e) !^ = 3;2, at (8, 4). (d) ^=x{x -l)l.x-i),sX (3, V6). 

Dr»w each ciffve. 
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98. Hormala. Given any curve, the line drawn perpendicular 
to a tangent at the point of contact is called the normal to the 
curve at the point of contact. 

Let P(x„ y,) be the point of contact and m the slope of the tan- 
gent at P, then the equation of the normal is 



1, 



^,)- 



(1) 



For example, the slope of the tangent to the ellipse 



at the point (x„ y,) if 
the normal at (3:1, y,) ii 



'- (Art. 97). Hence the equation of 



"-".-Ti-:-""-":!)- 



(2) 



99. Tangent length, normal length, subtangent, subnormal. Con- 
nected with every point on a curve there is a special triangle 
whose sides are respec- 
tively the tangent at 
the point, the normal 
at the point, and the 
X-axis. In Fig. 72, 
PTJfis such a triangle, 
where PT is the tan- 
gent at P, PN is the 
normal at P, and TN 
is the X-axis. FT is 
called the tangent length and FN the normal length. DP is the 
ordinate of F, DT is the projection of PT on the X-axis and is 
called the subtangent, DN is the projection of PNon the X-axia 
and is called the subnormal. 

Let the coordinates of P be ic,, y^ and the inclination of the 

tangent be 1^, then DF = y, and the angle DPN= angle DTP. 

Therefore, „„ , 

' FT = \y,eosec<l>\, 

PN= li/,sec<^|, 
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DT= |?/iCot^|, 
DN= 1 7/1 tan ^ I, 
where the bars indicate positive, or absolute, value. 

EXERCISES 

1. Write tie equation of the normal to tte circle at the point (^i, yi). 
Note that the normal passes through the center of the circle. 

2. Write the equation of the normal to the parabola at point (ri, j/i). 
The equation of the normal to the hyperbola at (3^l, y{). 

3. The point (3, 3) lies on the ellipse ** + 4 j^ = 26. Find the tangent 
length, the normal length, the subtangent, and the subnormal, at this point. 
Construct the figure. 

4. rind the equation of the normal to the parabola i/^ = 8 r which is 
parallel to the \\-m1x + Ay = 10. 

5. Prove that the normal to the ellipse or the hyperbola at the point 
(a^i, yi) meets the X-axis at a distance e'^*i from the center. 

6. Show that the subnormal to the parabola y^ — ipx is constant and 
equal to 2 ji. 

7. Theline3* + 8j = 25 is tangent to the ellipse 3^ + 4]/^ =25. Find 
the codrdinates of the point of contact and write the equation of the normal 
at this point. 

8. The line nta; — 4y = 1 is tangent to the hyperbola %r—^— !■ ^ind 
ni and compute the subtangent and subnormal for the point of contact. 

100. Reflection properties. The three theorems that follow 
express what are known as reflection properties. 

Theorem I. The angle formed by thefoccU i-adii drawn to any 
point of an ellipse is bisected by the normal cU that point. 

The equation of the normal at the point (xj, ^,) is given in (2), 
Art. 98. From this equation we find the intercept on the X-axis 
is (Fig. 73) , , _ .^ , ,^ 

ON=^^~^-P^ = ''^ = ^^^eW 

But FO = OFi = ae, and therefore 

FN= ae + ^x, and NF, = ae — e\. 
The ratio of KVto NF, is, therefore, 

FN^a±^^FP 

NF, a - ex, F.P ^ ' 
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Hence, we have shown that the normal at P divides the base of 
the triangle PFF^ into two segments which are proportional to 
the adjacent sides. Therefore the normal bisects the angle FPFy. 




FiQ. 73 

A raj of light from either focus of an ellipse is reflected from 
the curve to the other focus. 

Theorem II. The angle formed by the focal radii drawn to any 
point of an hyperbola is bisected by the tangent at that po int. 

The equation of tbe tangent at (a:,, y^) is 

a^ b' 

Hence the intercept on the X- 
axis is (Fig. 74), 



We 


can 


low show that 






FT 
TF, 


PF 
PF, 


Foi 




FT = 


ae + - 


ant; 


(Art. 62) 


PF- 
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Hence the tangent at P divides the base of the triangle PFF, into 
two segmeats which are proportional to the adjacent sides, and 
therefore bisects the angle FPF,. 

Theorem III. Anp tangent to the parabola y' = 4 px bisects the 
angle foi-med by the focal radius drawn to the point of contact and a 
line through the point of contact parallel to the X-axis. 

The eq^uation of the tangent 
to the parabola at the point 
P(iC.,j/,)(Fig.75)is(Art, 97) 

yyi = 2p{x+x{). 

Hence, the tangent meets 
the X-axis at tlie point 
T = (-Xt, 0). Therefore TO 
= OD, and, if EG is the 
directrix and F the focus, 
EO = OF. Hence, TF = 
ED. But ED = FP (defi- 
nition of the parabola), and, 
consequently, TFP is an isosceles triangle. The angles PTF 
and FPT are therefore eqnal. IE PG is parallel to the X-axis, 
the angles PTF and TPG are equal. Consequently, the tangent 
PT bisects the angle FPG. 



G 




t 


.^ 




r7 




T E 




N 


X 



EXERCISES 

1. Two paraliolas have a common axis and a common focus, and extend 
in opposite directions. Show that they intersect at right angles. 

2. Given the focus and the vertex of a parabola, but not the constructed 
curve, show how to draw ttie two tangents through a given point P. 

Sdggestion. I^t J" be the focus and A the vertex. Draw the line AF 
and construct the directrix. With P aa center and PF as rajiius, draw a 
circle meeting the directris in D and Dt. The perpendicular bisectors of DF 
and DiF are the required tangents. The tangents thus constructed me«t the 
perpendiculars to the directrix at D and Di in the points of contact. 

3. Show that an ellipse and an hyperbola having the same foci intersect 
at right angles. 

4. Having given the length of the transverse axis and the distance between 
the foci of an ellipse, or an hyperbola, show how tc 
the cmwe from a ^ven point i*. 
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Suggestion. Let AB be the given traJiaverse axis. Locate the foci on 
AB at the points F and Fi. With P as center draw a circle through the 
nearer focua F\, and with F as center and AB as radiua, a second circle 
meeting the first in the points S and Di. The perpendicular bisectors of 
BFi and DiFi are the required tangents. These tangents meet the lines FD 
and FDi in the points of contact, 

5. Why is light emanating from the focus of a parabolic mirror reflected 
in parallel rays ? What use is made of this fact ? 



DIAMETERS 

lOl. Definition. Any line tlirough the center of a circle, 
ellipse, or an hyperbola is called, a diameter of the f urve. 

Any line perpendicular 
to the directrix of a parab- 
ola is called a diameter 
of the curve That di- 
ameter of the parabola 
whii-h pas'ies through the 
focua IS the axis 

The circle, elhjiie, and 
hyperbola are called cen- 
tral conies ; the parabola 
has no center, and is there- 
fore called noncentral. 

103. Conjugate diameters. If P (a^, ^,) is any point on a 
central conic and PT is the tangent at P, then the diameter 
through P and the diameter parallel to PT are called con- 
jugate diameters. Thus, PO and 
QO are conjugate diameters (Figs. 
76 and 7T). 

Theorem. If m and m' are tke 
slopes of a pair of conjugate diaTiieters, 



ording aa tl 
hyperbola. 
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In either Fig. 76 or Fig. 77, the slope of PO is 



the slopeof QO, = the slope of PT,=™'= T^, 
according as the conic is an ellipse or an hyperbola. Consequently, 



Since the product of the slopes is independent of the coordinates 
of P, it follows, in case of the ellipse, that the tangent at Q is 
parallel to the diameter PO. 

EXERCISES 

1. Given any diameter of an ellipse or an hyperbola, construct its con- 
jugate diameter. 

2. The point (?~, 1) lies on the ellipse 4 lc^-I- 9 a' =36. rind the equa- 
tions of the diameter through the point and its conjugate diameter. 

3. The point (ii, ^i) lies on the ellipse — ^ 4- 2^=; 1. Show that tlie equa- 
tions of the diameter through the point and its conjugate diameter are, re- 
spectively, 

yix - icij = and ^ + 212 = 0. 

4. The point (», yi) lies on the hyperbola ^ — ^ = 1. Find the equa- 
tions of the diameter through the point and its conjugate diameter. 

5. It a diameter of the ellipse ^ + ?; = '^ meets the curve in the point '| 
, !/i), show that the conjugate diameter meets the curve in the points 



ay\ hxA 






6. Prove that the sum of the squares of any two conjugate semidiameters 
of an ellipse is equal to the sum of the squares of tlie semiaxes. 

7. Show that conjugate diameters of a circle ace always at right angles to 
each other. 

8. What is the relation between the slopes of conjugate diameters of the 
equilateral hyperbola (6 = a)? 
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■e drawn from any point of aa ellipse or an hyperbola 
a diameter. Sliow tliat the diameters biaectiag these 
chords are coniugatB diameters. 

SuoGESTioN. Let the coordinatea of the point be Sj and yi, and the coor- 
dinates of one extremity of the diameter be xi and yi. The coordinates of 
tlie other extremity are then — Xi and — y^. Show that the product of the 
slopes of the diameters bisecting the chords is — 2^ , for the eUipse, and + — 
for the hyperbola. " " 

10. Show that the area of a parallelogram inscribed in the eUipse 
^ + ^=1 whose diagonals are conjugate diameters is 2 ati. 

SuGOEBTiON. Let be the center of the ellipse, P(xi, i/i) and Q, two adja- 
cent vertices of the parallelogram. The coordinates of Q may then be taken 
as (^ , - ^'\ (exercise 6) . The area of the parallelogram is four times 



la of the triangle POQ. 
Prove that the axes of a 



eUipse o 



n hyperbola form a pair of o 



As Ihe slope of one diameter approaches zero, what does 
the slope of the conjugate diameter approach ? 

12. Can a pair of conjugate diameters of an ellipse or an hyperbola ever 
be at right angles unless they are the axes ■' Wliy ? 

103. The locus of the middle points of a system of parallel chords. 

Theorem. The locus of the middle points of a system of parallel 
chords of any conic is a 
diameter of the conic. 

Let y = mx + ft be 
the equation of any 
Ime meeting the conic 
in the pointa Pi and P^- 
If the conic ia an el- 
lipae, as in Fig. 78, the 
3;-co6rdinates of the 
pointa P, and P^ are the 
roots of equation (I{), 
Art. 95, and if x, and x,^ 
repreaent these roots, then the a:-eoordinate of the middle point 
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oi' the cliurd P^P^ is given by the equation 



But the sum of the roots of (K) is — — 



i_ ahnk 
i since the middle point ia on the chord, 



y'^mx' + k = 






Therefore, whatever value is given to k, the coordinates of the 
middle point, x' and y', satisfy the equation 

But (1) is the equation of a straight line passing through the 
center O and is tbei'efore a diameter of the curve. The line PO 
represents this diameter. 

If fc = 0, the line PiPj assumes the position QS, which is also a 
diameter of the curve. Since the product of the slopes of PO 
and QS is ^, these diameters are conjugate to each other. 

Combining this result with the theorem in the preceding article, 
we conclude that all the chords parallel to PO are bisected by QS. 
The theorem is proved for the other conies in a similar way, 
making use of equations (A), (C), and (D) of Art. 95. 

EXERCISES 

1. Find the equation of the diameter of the hyperbola a^ — 8 j/^ = 8C 
bisecting all the chords parallel to the line 3 a; — 8 y = 10. 

2. Find the equation of tlie diameter of the parabola i/^ — 6 a: bisecting all 
the chords parallel to the line r + 3 j = 8. 

3. What is the equation of the chord of the ellipse 9 a^ + 36 (/^ = 324 
which is bisected by the point (4, 2) ? 

4. Find the equation of the chord of the ellipse 13*^ + 11 ^ = 113 which 
passes through the point (1,8) and ia bisected by the diameter 2y = Zx. 
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3. What is the equation of the chord of Oie parabola ij^^fix which is 
bisected by the point (4, 3) ? 

6, Find the equation of the diameter of the hyperbola — — '^ = 1 which 
bisectB all the chords of slope m. 

7. Prove that the diagonals of any circumscribing parallelogram to an 
ellipse form a pair of conjugate diameters of the curve. 

SoooBSTiON. Let m and n represent the slopes of a pair of adjacent sides 
of the parallelogram. Show th^t the slopes of the diagonals are 
m^i - nh ^^jj Dtfr] + nlc 
k, — IC i'l + t ' 

where k^ = a'm^ + b^ and ki^ = a'n^ + V^. The product of the slopes is 
therefore — — . The diagonals pass through the center of the ellipse and 
are tlierefore diameters. 

e 9 of the preceding article by showing that the diameter 
s parallel to the other. 

POLES AHD POLAR LIHES 

104. Deflnitions. It has been shown that the equation of a 
tangent to a conic can be expressed in terms of the coordinates 
of the point of contact. For example, we saw in Art. 97 that the 
equation of the tangent to the parabola at the point P{Xf, y^) is 

yy^ = 2p{x^x,). (1) 

This equation is the equation of a straight line, whatever values 
are given to x^ and y^, and is the equation of a tangent to the 
parabola only when the point P{Xi, y,) is on the curve. 

In general (1) is the equation of a straight line called the 
polar line of P(Xi, yi) with respect to the parabola y'=:ipx. 
The point P(xi, y,) is called the pole. If the pole is on the curve, 
the polar line is tangent to the curve at the pole. 

Similarly, 'the equation of the polar line of any point with 
respect to any conic can be written at once. For example, the 
equation of the polar line of P(_x„ )/i) with respect to the 
ellipse is 

5+!* = l. (2) 

We are led, then, to the following definition : 
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The polar line of P(Xi, yi) with respect to a given conic is that 
line whose equation has the same form as the equation of the tangent 
to this conic witen P(xi, y,) is the point of taiigency. 

As an example, we will write the equation at the polar Lne of (1, 3) with 
respect to the circle x* + ^ = 4. Here the equation of tlie polar line of any 
point (El, yi) is 



Hence, the polar line of (1, 3) is 




t- 3 j( = 4. 

illustrating this example. 

a second example, Und the 
nates of the pole of bx — iy 
= with respect to the ellipse 

line of any point 



If this equation and the given equa- 
tion are the equations of the same 
stiaight line, we must have (ArL 



^ = 5i ii-=^-il and- 



where k is 



n ratio. Prnm these equations, w 
Hence the required pole is the point ( — ' 



! find that xi =— ^ 
■, -^S) (Fig. 70). 



1. Write the 



EXERCISES 

of the polar line of each of the following points : 
(1, — 2) with respect to a:^ + 4 ^^ = 16. 



- 4) with respect to y' = 4 x. 

3. (—2, 2) witii respect to 5 3? — 8 y^ = 24. 

4. (2, - 3) with respect to &x^ + iy^ = 10. 

2. Find the coordinates of the pole of the line 3x ~2y = 5 with respect 
to the circle x^ + y^ ^ 25. 

3. What are the coordinates of the pole of 5x + iy = 7 with respect to 
the ellipse :^+2y^ = 10? 

4. Find the coordinates of the pole of the line x — y = 10 with respect to 
the parabola ^ = 8 ». 
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5. What are the coordinates of the pole of the line Ax + By + C = 
with respect to the hyperbola ^ — ?^ = 1 ' 

6. Through the point (ii, yt) a line is drawn parallel to the polar line of 
the point with respect to the ellipse — ^ + ^^ — 1. What are tlie coordinates 
of the pole of this parallel ? a 6' 

105. Geometric properties of poles and polar lines. A point is 
outside a conic when two tangents can be drawn from the point to 
the conic. A point is 
inside a conic when no 
tangents can be drawn 
from it to the conic. 

Theorem I. If tite 
j/oint (x^, y{) is outside 
a oonie, its polar line 
with respect to i 
conic passes through the 
points of contact of the 
tangents dravni from 
the point. 

Let the conic be the 
ellipse; the proof is Fio. ao 

similar for the other 

conica. Let Bix^ yi) and G{x„ y^) be the points of contact of 
tangents drawn from Ji(x„ y^) (Fig. 80). The equations of the 
tangents at B and C are, respectively, 

^ + 2^ = 1 and^' + ^^l. 

Since tlie tangents pass through A, the coordinates of A satisfy 
each of the above equations. Hence, 

?» + !* ^ 1 ,„a s, + M, _ 1. 

a' b^ a' b' 

But these same equations result from substituting the coordinates 
of the points S and C in the equation of the polar line of A with 
respect to the ellipse. Consequently the polar line of A passes 
through B and C. 
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EKercise. Prove Theorem I for each of the olher three conies. 

Thf.okkm II. If P and Q are two points in the plane such that 

the polar Hue of P icith respect to a given conic passes through Q, then 

the polar line of Q passes through P. 

Take the parabola y'^ipx (Fig. 

81) for the given conic. A similar 

proof establishes the theorem for the 

other conies. Let the coordinates 

of /* be Xi, ^1 and the coordinates 

^ of Q, x^, j/j. The equation of the 

polar line of P is, then, 

Since this line passes tlirough Q, we 

^'^""^ c. , 

y^, = 2p{x^ + Xi). 

But this same equation results from substituting the eoftrdinates 
of P in the equation of the polar line of Q. Hence, the polar 
line of Q passes through P. 

Exercise. Pivave Theorem II for each of the other tliree conies. 

Theobem III. If a line through the pole A meets the polar line 
in C and the conic in B and D, then 

BG DC 

Let the coSrdinates of A (Fig. 82) be a^, yi and the coordinates 
of (? be a^ 1/j. The coordinates of the point B, dividing the seg- 
ment AC in the ratio AB : BC= r, are 

X = ^+^ and y- ^^L±^. (Art. 17). 

But B lies on the conic. Hence, if the conic is an ellipse as in 
the figure, , , . 

(x,+rx,y (y.+ryQ' ^-i 

a\l + ry^b\l + ry ' 

Expanding and arranging according to the powers of i; we have 



i>+(f+f-0="' 
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We should have been led to the same equation had we taken 
AD: DC^ r. Hence the roots of this equation are the ratios in 
which the curve points divide the segment AG. But, since G is 




on the polar line of A, the coeifieient of r vanishes. Hence the 
roots are equal but opposite in sign ; that is, 

AB^AB 

BC DG 
Four points A, B, C, and D situated on a straight line and such 
that %^= — jr^ constitute a harmonic range. The segment AQ 

is said to be divided harmonically by B and D. 

Exercise. Prove Theorem III for the paralaola and for the circle. 

Theorem IV. The polar Uiie of a focus of a conic is the corre- 
sponding directrix. 

We shall establish the the m f th is f 
ing the remaining cases as n f th 

coordinates of the right-hand f f 11 p 

y = 0. Substituting these fo a 1 ^ n th g 
of the polar line with respect t tl II j s w ha 
line of the focus, 



ellipse, leav- 

tudent. The 

a, e x = ae and 

neral equation 

as the polar 
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But this is the equation of the vight-hand directrix. 

Esercise. Prove Uial the directrix of a parabola is the polar line of the 
focus ; that either directrix of an hyperbola is the polai line of the corre- 
sponding focua. 

Theokbm: V. Tlie line joining a focus of a conic to the intersec- 
tion of any two tangents, bisects one of the angles formed by the focal 
radii drawn to the points of contact of the tangents. 

In Fig. 83, let B and 2> be 
the points of ooiitaet of tangents 
from Q, F being a focus. Draw 
the line BD and let it meet the 
directrix corresponding to F in 
A, and the line QF in C Draw 
the lines BE and DG perpen- 
dicular to the directrix. Since 
F is the pole of the directrix 
(Theorem IV) and Q is the pole 
of the line BD (Theorem I), it 
follows that QF is the polar line 
of A (Theorem II). Therefore 
we have the following equations ; 

- (Theorem III, VD = - DG), 




f|=f|(Su„i.„.ri.ng..,), 

^ = ^ (Eccentricity, property A, Art. 94). 



Equating the product of the right-hand members of these equa- 
tions to the product of their left-hand members, we obtain 

BF^DF 
BC CD ' 

Hence the point C divides the side BD of the triangle BFD in 
the ratio BF-.DF, and consequently the line QF bisects the 
angle BFD. 
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EXERCISES 

1. Show how Theorem II can be used to construct the pole of any line 
with respect to a given conio. 

SuGGESTios, Construct the polar line of any two points on the given line. 
Where do these intersect ? 

2. Two lines are drawn through a point F. The poles of these linoa with 
respect to any conio are the points B and Q. Show that BQ'm the polar line 
of P with respect to the same conic. 

3. Given any two lines in the plane such that the first passes through the 
pole of the second with respect to any conic. Show that the second passes 
through the pole of tlie first. 

4. Prove that the intersection of any two tangents to an ellipse or an 
hyperbola is equidistant from the four focal radii that can be drawn to the 
points of contact. 

5. Show that the intersection of any two tangents to a parabola is equi- 
distant from the focal radii to the points of contact and the diameters through 
the points of contact. 

6. In Fig. 75, Art, 100, let FO meet the directrix in Jtf, and FT meet 
the vertical tangent in Q. Show that §F is the polar line of M. 

SYSTEMS OF CORICS 

106. The asymptotes of the hyperbola. It has already been 
noticed that the hyperbola haa asymptotes (Art. 67). This is a 
characteristic property of the hyperbola. No other conic has 



Solving the standard form of the equation of an hyperbola for 
y, we have 

!/ = ± - Va^ — o?- 

Hence, as x increases indefinitely, y approaches nearer and nearer 
to the values ± — ■ Therefore 



IX) 



ire the equations of the asymptotes. 
The equations of the asymptotes can be written 



^-^=0, (2) 
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since the coordinates of any point on either asymptote will 
satisfy equation (2) (ef. Art. 85). 

The equation of a, tangent to the hyperbola in terms of the 

slope is (Art. 95, Eq. 7) 

y^wsc + VaW^bK (3) 

If, in this equation, m is taken as the slope of either asymptote ; 
namely, ±— , the equation becomes y = ± — For this reason, 

the asymptotes are often spoken of as tangents to the hyperbola, the 
points of contact being infinitely distant. 

Since aa asymptote passes through the center, it is a diameter 
of the hyperbola (Art, 101). The product of the slopes of a pair 
of conjugate diameters of the hyperbola is — (Art. 102), and 

therefore each asymptote is its own conjugate diameter, or in other 
words, an asymptote is a self -conjugate diameter of the hyperbola. 

107. Conjugate hyperbolas. The two hyperbolas 

^-^' = 1, and^-^ = -l 
a= 6^ a' b^ 

are called conjugate hyperbolas. The transverse and conjugate 
axis of the one are respectively the conjugate and transverse axis 
of the other. Either hyperbola is conjugate to the other, but it 
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is convenient to speak of the first as the primary, and the second 
as the conjugate, hyperbola. 

The foci of the conjugate hyperbola are on the F-axis, and, 
since c = Vct^ + b^ is the same for each hyperbola, the four foci lie 
on a circle of radius c and center at the origin (Fig. 84). 

The eccentricity of the conjugate hyperbola differs from the 

eccentricity of the primary hyperbola. The former is - and the 

p b 

latter is -■ 

The asymptotes of the conjugate hyperbola coincide with the 
asymptotes of the primary hyperbola. For, from the equation of 
the conjugate hyperbola, we have 

Hence, as x increases indefinitely, the curve approaches nearer 
and nearer to the lines J = ± — • But these are the asymptotes 
of the primary hyperbola. 

EXERCISES 

1. Show that the foot of the perpendicular from a focuB of an hyperbola 
on either asymptote is at a distance a from tlie center and b from the focus. 

2. Show that the circle of radius, 6, whose center is at a focua of an 
hyperbola, is tangent to the asymptotes at the points wliere they cut the 
corresponding directrix. 

3. Show that the product of the perpendiculars let fall from any point of 
an hyperbola on the asymptotes is constant. 

4. Write the equation of tlie hyperbola conjugate to 9x^ — y^ = 9, and 
find the lengths of its semiases, its eccentricity, the ooiSrdinates of ita foci, 
and the equations of its directrices. 

5. If e and ei are the eccentricities of two conjugate hyperbolas, show 
that i + — = 1. Alsoae = 6ei. 

6. What is the eccentricity of the equilateral hyperbola ? Of the con- 
jugate to the equilateral hyperbola ? 

108. The system of concentric hyperbolas. Tbe equation 
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where fc is a variable parameter, is the equation of a sjratem (rf 
concentric byperbolas (Fig. 85). All the hyperbolas contained 
in the system have the same asymptotes, as can be shown by 
solving (1) for y and then allowing x to increase indefinitely. If 
fc is a negative number, (1) is the equation of a conjugate hyper- 
bola. As k increases in value, the hyperbola approaches the 
asymptotes closer and closer, and coincides with them when ft is 




zero (Art. 106). When k is an increasing positive number, the 
hyperbolas are all primary and recede farther and farther from 
the asymptotes. 

The contour lines about two contiguous mountain peaks form a 
rough approximation to such a system of hyperbolas, 

109. The system of confocal conies. Conies having the same 
foci are called confocal. The equation 



I'-k V- 



= 1, 



(1) 



where t is a variable parameter, is the equation of a system of con- 
focal conies (Fig. 86). For, suppose a > 6, then for every value of 
ft < fe', (1) is the equation of an ellipse. The distance from center 
to focus is the same for all these ellipses, since 

c = V(a^^-kJ^^- 
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SYSTEM OF CONFOCAL CONICS 



As k approaches 6°, the semiconjugate axis of the ellipse ap- 
proaches zero and the semi trans verse axis approaches Va' — 6', 




and therefore the ellipse shrinks to the segment o£ the X-asis 
contained hetween the foci. 

If 6'<ft<a', (1) is the equation of an hyperhola whose semi- 
axes are v'a^ — k and Vfc — b\ The distance from eent«r to focus 
is, in this case, 

c = V(^i"^~-f(*:-6') = V^^^, 

and therefore these hyperbolas are confoeal with the ellipses. 

For any value of Je>a\ equation (1) is satisfied for no real 
values of x and y. In this case, (1) is said to be the equation of 
an imaginary ellipse. 

Each hyperbola of the system cuts every ellipse at right angles 
and vice versa (Exercises, Art. ICM)). 

If two sets of curves are so related that each curve of either set 
intersects all the curves of the other set at right angles, the two 
sets of curves are said to be orthogonal to each otlier. Thus the 
hyperbolas and ellipses of the system of confoeal conies form two 
sets of curves orthogonal to each other. Sets of orthogonal 
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LOCI OF SECOND ORDER 



curves are of great importance in mathematical physics, since 
they Tepresent fields of force. 



EXERCISES 
, What are tlie equations of the two conies of the system 



(9-t) (4 -A) 
which pass through the point ( ■ i ^^ 1 ? 



2. Show that tl 



Equation of & system of con- 
Discuss the equation for 



3. Show that the equation y^ = i k('x + A) if 
confocal parabolas. Disensa the equation for va 



4, What system of c( 



is given by the equation ^ + ^ = 



variable parameter? Show that the Lc-intercept of a tangent to any one of 
these oonlcs is independent of k. How can this fact be utilized to construct 
the tangent at any point on one of the conies of the system ? 

5. Disciisstbesystemofcirdesgivenbytheequationa;2 + y3— a2 — 2i!) =0, . 
k being a variable parameter. 

6. Discuss the system of circles given by the equation K^ + i/^ + n^— 2 mx=0, 
w being a variable parameter. 

7. Show that tbe two systems of circles in exerciaes 5 and form two sets 
of circles orthc^onal to eaeh other. Draw a figure illustrating this exercise. 

MISCELLANEOUS EXERCISES 

1. Find the equations of the tangents to the ellipse x'^ + iifl = 1S which 
pass through Uie point (2, S). 

2. Find the equations of the tangents to tbe hyperbola 2 x^ — 3y^ = IS 
which pass through the point (4, — v'5). 



tangent to the hyperbola 
5. For what value of misy = j»* +3ataiigenttotheellipse2^ + 4y= — 1 ? 
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Art. 1091 SYSTEM OF CONFOCAL CONICS 139 

6. What relation connects A, B, and C, if A^ + Bii+V=0 is a 
tangent to tte parabola y^ = 4 r ? 

7. Are the following points on, inside, or out*ii3i> the h^i-erbola 
4 3?i - j/2 = 4 ? (a) (1, 3), (6) (2, 1), (c) (3 26, 3) 

8. The coordinates of one extremity of a diameter of the ellipse 
— + 2- = 1 are ici = a COS fli and ui = 6 sin Pi Shon that the conrdinatcs of 

one extremity of the conjugate diameter aro given by the equations 
3:2 = — o sin Si and j/2 = 6 cos 81. 

9. Show that the segments of any line contained between an hyperbola 
and its asymptotes are equal in length. 

10, Find the equation of the tangent to the parabola y^ = 4px which has 
equal intercepts. 

11. The earth's orbit is an ellipse whose eceentrieitj ia .01677 and whose 
3 million miles, the sun being at one focus. Find the 
it distance from the earth to the sun. 



12. Find the angle which one diameter of an ellipse makes with its 
conjugate diameter, 

13. A comet moves in a paiabolic orbit with the sun at the focus. If the 
comet is 2 million miles from the sun when the line from sun to comet makes 
an angle of 60" witli the axis of the orbit, find the least distance from sun to 

14. Show that the bisector of the angle formed hy lines joining any point 
of an equilateral hyperbola to the vertices is parallel to an asymptote. 

15. Find the equation of the locus of the mid-points of chords drawn 
from one end of the major axis of an ellipse. 

16. Show that the ordinate of the intersection of any two tangents to the 
parabola y^ — ipx is the arithmetic mean of the ordinates of the points of 
contact, and the abscissa is the geometric mean of the abscissas of the points 
of contact. 

17. Find the equation of the locus of the intersection of two tangents to 
the pai-abola y^ = i px, if the sum of the slopes of the tangents is constant. 

IB. Show that the angle formed by any two tangents to the parabola is 
half the angle formed by the focal radii to the points of contact, 

19. Any two perpendicular lines arc drawn from the vertex of a parabola. 
Show that the line joining their other points of intersection with the parab- 
ola cuts the axis at a fixed point. 

20. Show that the tangents to the parabola at 
chord intersect on the diameter bisecting the chord. 
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140 LOCI OP SECOND ORDER [Chap. VII. 

21. Show that the eccentricity of an hyperbola is equal to the secant of 
half the angle between the asymptotes. 

22. Show that the tangents at the vertices of an hyperbola intersect the 
asymptotes at points on the circle about the center and passing through the 
foci. 

23. Show that the product of the distances from the center of an hyper- 
bola to the intersections of any tangent with the asymptotes is 
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CHAPTER VIII 



LOCI OF THE SECOND ORDER EQUATIONS NOT IN STANDARD 
FORM 



no. Translation of the coordinate axes. If the coordinate axes 
are translated by means of equations (1), Art. 77, and then the 
primes are dropped, the standard forms of the equations of the 
several conies become : 



Circle : 


(x + A)«-i-(i/ + fc)3,^r3, 


(1) 


Ellipse : 




(2) 


Primary hyperbola: 




(3) 


Conjugate hyperbola: 




w 


Parabola, X-axis parallel to the axis of the curve : 






<» + *)». lj)(a: + «, 


(5) 


Parabola, Taxis parallel 


to the axis of the curve : 






(x + h)i=tp(y^k). 


(6) 



On the other hand, if an equation of the second degree can be 
reduced to one or the other of the above forms, the locus is the 
corresponding conic. The center of the circle, the ellipse, or the 
hyperbola is then the point (— h, — k), and the vertex of the 
parabola is the point (— k, ~ ft), Figs. 87 and 88. 

As an example, take the equation 

Completing the squares of the 
eqnatloD can be w: 



c and the U 
9(1 + 3)2 + 4(1/ -3)2 = 



n y separately, the 



Comparing with (2), v/e see that the locos is ) 
point (— 3, 2) and whose aemiases are 2 and 8. 



ellipse whose center is the 
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If any one of the equations (1) to (6) is expanded and cleared 
of fractions, it is seen to be a special case of the equation 



^ + 2gx + 2fi/ + 



(J) 



where a, h, g, f, and c depend upon h and k. We are led, then, to 
the following 

Theorem. The equation of a conic referred to coSrdincUe axes 
parallel to the axes of the curve (the axis and tangent at vertex in case 
of the parabola) has the form (7). 



111. Discussion of the equation ax^ + by^ + 2gx + 2/y + c = 0. 

The question now arises : Is 

ax^ + by' + 2yx + 2f!/ + c = (1) 

the equation of a conic for any given set of values of the coeffi- 
cients ? We shall answer this question by a discussion of the 
equation (of. Art. 46). 

General case. Let us iirst suppose that none of the coefiicients 
is equal to zero, and we may further suppose without loss of 
generality, that a is a positive number. For, if m is a negative 
number in any particular case, we can change the signs of all the 
terms iu the equation. Equation (1) can then be written in the 
ioim , , , „ „ „ ^ 



+M!' + 5 ■'^ + 7r-»- 



(2) 



Denote the right-hand member of (2) by D, then the nature of the 
locus will depend upon the signs of b and B. Thus, if b is nega- 
tive^ the locus is an hyperbola which is primary or conjugate 
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according as D is positive or negative (cf. Art 107). If b and D 
are positive, the locus is an ellipsa There is no locus if b is 
positive and D is negative, for the sum of two positive numbers 
can never be negative. The locus is then said to be imaginary. 

If either a or & is zero, the above method fails. But if a is 
zero, while b and g are different from zero, (1) can be written 

'jf^^O'-f^. (3) 

and if b is zero, while a and / are different from zero, (1) can be 

" " (4) 

In either case, the locus is a parabola, as we see on comparison 
with equations (5) and (6) of the preceding article. 

Special cases. If D is zero and b is negative, the left-hand 
member of (2) is the product of two linear expressions, and there- 
fore the locus of (2), and consequently the locus of (1), is a pair 
of intersecting straight lines (cf. Art. 85). If b is positive, the 

locus consists of the single point, f — -i — t ji since this is the only- 
point whose coordinates will then satisfy (2). 

Finally, if a and g, or 6 and f, are each equal to zero, equation (1) 
contains but one of the variables. For example, if b and / are 
each equal to zero, (1) becomes 

aa? + 2gx-l-c=0. (5) 

If the roots of (5) are real and distinct, the locua consists of a 
pair of lines parallel to the Kaxis. If the roots of (5) are equal, 
the locus consists of a single line parallel to the F-axis. If the 
roots of (5) are imaginary, there is no locus, but we shall say, in 
this case, that the locus consists of a pair of imaginary lines. In 
these special cases, the locus is said to be degenerate. 

We shall Jind it convenient to say that the locus of (1) is a conic, 
but that in certain cases, the conic is imaginary, or degenerates into 
a single line, or into a pair of real or imaginary lines, or consists of 
a single point. 
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As an example of tlie foregoing analysis, consider tlie equation 
9a;=-16j/2-36ie + 06)/ - 108 = 0. 

Here we find that a is positive, D is zero, and 6 ia negative. Therefore the 
locus consists of two intersecting lines. The equations of these lines are 

3(a;-2)±4(i,-3J=0, 
and they iiitersect in tiie point (2, 3). 

As a second example, consider the equation 

S»:2 + 2y2^183; + 8!)-|-17 = 0. 

In this case, a is positive, D is zero, and 6 is positive. Hence the locus con- 
sists of a single point. Completing the squares of the terms in x and the 
terms in y separateiy, the equation becomes 

9(j^_l)2 + 2(j/ + 2)s = 0. 

Therefore the point (1, — 2) is the only point whose coordinates satisfy the 
given equation. 

A summary of the possible loci of the equation 

03^ + ^/ + 2gx -I- 2/y -f- c = 

is given in the following table, where Z» = ^ -|--^ c. 



o^O, &^0 


a = (or 6 = 0) 


«>0 
&>0 


«>0 
6<0 


(or6 = 0,/^0,a=jtO) 


a = 3 = 0, 6^0 
(or6=/ = 0, a^O) 


O>0 

Ellipse 


i>>0 
Hyperbola 
(primary) 


Tarabolas 


A pair of real par- 
allel lines, a single 
line, or a pair of imag- 
inary lines ; according 
as the roots of by^ + 
2A + c = (or 03? 
■h2gx + c = 0) are 


I> = 
Point 


D = 

Intersecting 
lines 


D 
Imaginary 


I><0 
Hyperbola 
(conjugate) 


equal, or Imaginary. 



In the following exercises, \ 



s to be made of this table. 
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EXERCISES 

1. Determine the nature of the loci of the following equations. Find the 
coordinates of the center and the coordinates of the foci of each ellipse or 
hyperbola ; the coordinates of the vertex and the coordinates of the focus of 
each parabola. Make a sketch of each curve. 

(a) 2x^ + S^~er + iy = -ii>. (b) x^ + 2y^ -6x + y = 10. 

(c) l*2_3j,s_4^ + 8=0. (d) x' + ix-2y = l!>. 

(e) Z^-y^ + Gy^O. {/) y^ + 2x-iy = 1. 

2. Determine the nature of the loci of the following oquatious ; 

(a) E= + !^-4a^-6i/ + 13 = 0. (6) ±^-Tfi ~ix + Qy -^^ 5 = 1}. 

(c) 3:2_53;_[.o = 0. {d) y^-IUj + ti^a. 

(e) j)=-6j, + 10 = 0. (/) !;2_as/ + 8 = 0. 

113. The general equation of second degree. The equation 

ax' + 2 hxy + i/ + 2gx + 2/;, + c = (1) 

is called the general equation of second degree, because it contains 
every term that can appear in an equation of the second degree. 
We will now prove the following theorem. 

Theorem. The term in xy can be removed from the general 
equation of second degree by rotating the axes tkrough a positive 
angle 6, less than 90°. 

Eeplacing x and y in (1) by their values in terms of af and j/"; 
namely, x = ^ cose ^ y' ahi 6, 

y = ^sm$ + y' cos 6, 
(Art. 78), we obtain 



»■■ + 2 h'x'y' + b's" + 2 s'x- + 2/y + c = 0, 


(2) 


tt' = aco8=e + 2ftsmeeose + 6sin=^, 


(3) 


6' = a sin' ^ — 2 A ain 0cos8 + b cos' $, 


(4) 


2 »' = 2 4(cos' » - sin- «) - 2{o - S) sin « cos « 




= 2Acos20-(a- &)aia2fl, 


(S) 


2j' = 2<,oos« + 2/sin«, 


<6) 


2/' = 2/co8»-2jsin». 


C) 



If, now, we can choose so that h' shall equal zero, the term in 
afy' will drop out of (2) and the general equation will be reduced 
to the f.™ ,.,, + jy. + 2,y + 2/y + „,„. (8) 
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Putting h' equal to zero iu (5), we have for the determination of Q, 

2hms2e-{a- b)%m2 6 = (i, 
from which 

taD28 = -^^- (9) 

a — h ^ ' 

Since the tangent of an angle assumes all possible positive and 
negative values as the angle increases from 0° to 180°, it follows 
that it is always possible to find an angle 6, less than 90°, which 
will satisfy equation (9). If the axes are rotated through this 
angle, the term in x'y' drops out and the general equation ia thus 
reduced to the form (8). 

Equation (8) has the same form as that discussed in the pre- 
ceding article. Therefore we can say that the locus of the general 
equation of second degree is a conic, but that this conic may be 
imaginary, or may consist of a single line, or of a pair of real or 
imaginary lines, or of a single point. 

The values of the coefficients a' and b' can be found easily 
from equations (3), (4), and (5). Thus, adding (3) and (4), we 

^'"' »■ + !.■.«+!,, (10) 

and subtracting (4) from (3) gives 

a' - b' = 2 h sin2 + (a - b) cos 2 ft (11) 

Squaring (5) and (11) and then adding, we obtain 

4 A-^ + (a' - b'y = 4 ft= + (« - bf. (12) 

Subtracting (12) from the square of (10) gives 

a'b' -h'^ = ab~h^. (13) 

When the coordinate axes have been rotated through tbe angle 
given by (9), we have seen that A' becomes zero. Hence equa- 
tions (10) and (13) give respectively the- sum and product of the 
required coefficients. These coefficients are then the roots of the 
quadratic equation 

X^ - (« + 6)X + ab - h^ = Q. (14) 

The roots of this equation are always real, since the discriminant, 
(a + b'f — 4(a6 — A') — (a — bf + i k\ is always positive. 
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In order to decide which of the roota of (14) to take for a', 
eliminate cos 2 S between (9) and (11), thua obtaining 

2h{a' - fe-) = [4A5 + (a- 6}']6in2 tf. (15) 

For < 90", sin2 tf is positive. Therefore a' must be so chosen 



The roots of (14) will be both different from zero if ab—K'^ 0, 
and will be alike in sign, or unlike in sign, according as their 
product ab — ft' is positive, or negative. 

The values of the coefficients g' and /' can be computed from 
equations (6) and (7), but the computation is often tedious, and 
can be avoided frequently by a translation of the axes (Art. 113), 
If a given equation of the second degree contains no terms of the 
first degree ; that is, if g and / are each equal to zero, then, by 
(6) and (7), g' and /' are also each equal to zero and the foregoing 
analysis serves to determine the nature and the position of the 

For example, consider the equation 

K'i + 2 K!/ + 2 !/2 _ 4 - 0. 



— = —2, from wliich v 



If the axes are rotated tJirough t 
The coelfioienta of x''^ and j/'" are 



tngle fl, the term in x'y' will drop o 
I roots of (14) which becomes, in t! 



,i±^..dlnv? 



The given equation, thus, reduces 




Tlie locus is, therefore, an 
V2(3+V5). The major a 



2(3 -VS) 2(8 +V5) 



J ■V'2(3 - VS) and 
La coincides with the new y-asis (Fig. 8H) . 
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EXERCISES 

1. Determine the natui* of the lucusof the eqiiation 5*^ + 2^:^ + 5^'^ ^ 12. 
Find the angle through which the coordiaate axes must he rotated in order 
to remove the term in x^. Plot the curve and hoth seta of axes. Find the 
eccentricity of the curve. 

2. What is the locus of each of the following equations ? 

(a) 3a:^-23^ + !/2_e = o. (6) 3«2_ ai)/ + s(2 = _6. 

(c) 3a^-23^ + S)i' = 0. (d) 922_20i!, + ll»,3-50 = 0, 

(e) 25 j-i - 60 ly + 30 ^ - 81 = 0. 

3. Reduce the following equations to standard form. Draw the figure 
for each exercise. 

(a) *2 + ay + „!_! = 0. (6) 3;a + 3*i;-3j^- 4^0. 

(c) 2«2-12 3-i/-3!f" + 14 = 0. (.i) 43a;^ + 30a^ + 5H!)^-68=0. 

Ce)83?-la*y + 3i/«-9 = 0. 

4. The locus of the equation 4a^ + 4«!/ + ^+it=0 is two straight 
linea for any uahia ol k. DisoiLsa the change in these lines as t varies. 

5. Show that 3 a^ + 2 ftxy + 12 ^ = 3 is the equation of a system of concen- 
tric conies, ft being a variable parameter. Discuss the change in the locus 
as ft varies from a great negative numher to a great positive number. 

113. Removal of the terms of the first degree. If the terms of 
the first degree can be removed from the general equation of 
second degr«e, this can be done by translating the axes, as in 
Art. 79. Let m and n be the coordinates of the new origin. 
The equations for translating the axes are then 

M = ie' + m and y = y' + n (Art 77). 

Substituting in the general equation, (1), Art. 112, and arranging 
according to the powers of x' and y', the resulting equation can 

be written r , , , , ^ ii 

{am + hn + g)x' 

ax'''+ 2kx'y' + t>y'^ + 2\ \ 

[ + (hm + bn-{-f}y'] 

f m{am + hn-i-g)-i 
+ \+n(!im + bn+f)[=0. (1) 

[+(g»i+fn+c) I 

If the terms of first degree can be removed, m and n must sat- 
isfy simultaneously the two equations 

am + hn + g = 0, /2\ 

ftm+6M+/-0. *■ ■* 
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The values of m. and n derived from these equations are, 

ah-h' pj 

We now have three cases to consider (ef. Art. 83) : 

1. Equations (2) are consistent and have but one common 
solution if, and only if, fib — h? is not equal to zero. For then 
equations (3) give but a single pair of values for m and n. 

2. Equations (2) are inconsistent, and therefore have no com- 
mcnsulutitn if ift — 7t^ = and ft/— '^ '^ 0. 'Sor thsnlig—af^O 
in I the n imerators m (3) do not vanish while the denominator is 
equa to zero 

o Equations {2) are dependent and therefore have an indefi- 
nite number of tommon solutions if n6 — F = and ft/— 65f = 0. 
For then hg — af= and both the n\imerator and the denomina- 
tor of ea h frwtion m (3) vanishes and any pair of values of wi and 
n that satishes one of the equations (2) also satisfies the other. 

^\ e shall conii ler the three cases separately, and we assume 
that in no case is h equal to zero. For, i£ h is equal to zero, the 
general equation has the form discussed in Art, 111. 

114. First case, aft — fe* =7^ 0. Central conies. In this case the 
terms of first degree can be removed. Setting the values of m 
and n from (3), Art. 113, in (1) and dropping the primes, (1) 
becomes 

! = 0. (1) 





ax'+2hxy + bf + '^ 


Li.'.-:.' ^ 

ab~K' 


^+' 


af>~ 


The 


absolute term in this c 


quation 


is 






abc 4- 2fyh 


-!«■-- 


!>tl 


-ch' 



(2) 

For simplicity, let A represent the numerator in (2) and C, the 
denominator. Equation (1) can then be written 
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A can be expressed as a determinant. Thus, 

\a h a, 

A= ft b / (4) 

Iff / cj 

C is the cofactor corresponding to the element c, and the 
numerators in (3), Art. 113, are respectively the cofactors corre- 
sponding to the elements g and /. The determinant A is called 
the discriminant of the general equation of the second degree. 

If the axes are now rotated so as to remove the term in x^, (3) 
becomes 

aV + by + ^ = 0, (6) 

where a' and b' are the roots of (14), Art. 112. 

If ab — W > 0, a' and b' are alike in sign (Art. 112) and (5) can 

be written a o ,.,. 

\a'\w'^^\b'\y'^ = c; (6) 

where | «' | and | ?*' | are positive numbers and c' is ±y<- '^^^ 

locus is then an ellipse which is real or imaginary according as c' 

is positive or negative. 

If ah — h^ < 0, a' and V are unlike in sign and then (5) can be 

written ,,,,„,,.,, ,r.. 

!a']^'=-|&'|^'^ = c'. (7) 

The locus is then an hyperbola which is primary or conjugate 
with respect to the axes X', Y' according as c' is positive or 
negative. 

Degenerate conies. If A = 0, then c' is zero, and the locus of 
(6) is a single point ; namely, the origin, and the locus of (7) is a 
pair of straight lines intersecting at the origin. 

Neither a' nor b' can equal zero, since a' ■ b' ^ab — h'^O. We 
conclude, therefore, that in this first case, the locus of the general 
equation of second degree is either an ellipse, real or imaginary ; 
an hyperbola ; a pair of real and intersecting lines ; or a single 
point. But the locus is never a parabola, a pair of parallel lines, 
or a single line. 

We may further conclude, from equations (3), (6), or (7), that 
the locus, whatever it may be, is symmetrical with respect to the 
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origin, since if x, and y, satisfy any one of these equations, — 3\ 
and — y, will also satisfy the equation. Therefore the locus of 
the general equation, in this first case, is symmetrical with respect 
to the point (m, n). Or, in other words, the point (m, n) is the 
center of the locus. Hence the condition ab — h^^O characterizes 
the central conies. 

As an example of the foregoing analysis, let us reduce the equation 

a aud position of the 



1, 2). Again, from (9), 



to the standard form and thus 
locus. 


determine the i 


Here C = a6 - ft^ ^ 40 - 4 = 


36, and A= ft 


Also from (3), Art. ]13, we have '^ 


m = 


- 1 and n = a. 


Therefore the center of the con 
Art. 112, 


ic is the point (- 
tan 2 e = J, 


from which we find e = 26" 34', 
axes are translated so that the i 


nearly. Hence ^ 
lew origin is the 



equation will take the form (3), or 

and when the axes are rotated thi 
angle 28° 34', the equation will 
form (5), where a' and b' are tlif 
X2_18X + 36 = 0; 



ve conclude that when the 
point (— t, 2), the given 



choose a' = B and 6' = 4. 



= 



9 x2 + 4 ^ - 



3 2 and 3, Figure 90 



The locus is therefore an ellipse wl 
shows the curve and the three sets of axes 
As a second example consider the equation 

2 *2 - as/ - 3 ji-l - y 3- + 18 !/ - 24 = 0. 

Here we find A = Oand G = -^. The roots of (14), Art. 112, are therefore 
unlike in sign, and the locus consists of two intersecting lines. The left-hand 
member of the given equation must he the product of two linear factors 
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«.) Si« + < 


1 .](-!/■ + ! 


(c) ixj, + ' 


i,--2« + ; 


(e) »'^-2a 


:l, + 5!,'-8 




(5) 2 



152 EQUATIONS NOT IN STANDARD FORM IChap.VIII. 

. Solving the given equation for one 
iabks, considering tlie other as a. known 
evealstlie factors at once. Thus, solv- 

I ) loons consists of the two lines 

Fig, 91 2x — Sy + & = 0a,-aAx + y-'i = (Fig. 01). 

EXERCISES 

1. Reduce the following equations to standard form. Determine the 
coCrdinates of the center and the angle through which the axes must be 
rotated in order to remove the term in xy : 

c_a!/-5 = 0. (b) xy+y^ + y + i^O. 

^0. (dj x^ + xy+y^ + Sy = <i. 

= 0. (/) :t^ + 2xy + 9y^ = Q. 

-Q!e,y + 5y^ + 6x-12y+il = i). 

115. Second case, ab - A* = Oand A/- bg^O. Non-central con- 
ies. In this case the terms of first degi'ee cannot be removed, 
since equations (2), Art. 113, are inconsistent and have no com- 
mon solution. We begin the discussion, therefore, by rotating 
the axes so as to remove the term in i^. The angle tlirough 
which the axes must be rotated is determined from (9), Art. 112. 
After rotation, the general equation assumes the form (8), Art. 
112, where a' and b' are the roots of (14) ajid g' and/' are deter- 
mined from (6) and (7), But in the case we are discussing, 
ab —K' = and equation (14) becomes 

\=-(a + ?>)A-0 

whose roots are and a +b. We may assume that a is positive 
(Art. Ill) then b is also positive, since the product ab is positive 
( = A^). Hence we choose «'==« + &, or 6' = a + 6, according as 
Ji is positive or negative (Art. 112). The general equation is then 
reducible to one or the other of the forms 

(a + b)x'^ -H 2 g'x- + 2 /y' + c = 0, (1) 

or (« + 6)j/'^+26r'«' + 2/'y'-l-c = 0, (2) 

according as h is positive or negative. 
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Aet. 1151 SECOND CASE, ah - h^ = Q AND hf - bg ^ 153 

We must now determine g' and /'. From (9), Art. 112, we have 

tan2tl^ 2tang_^_2j_^ 
1 - tan^ d a-b 

Solving this quadratic for tan 0, we obtain 



'"•=-^^V^'+i 



But since k'^ab, the expression under the radical is a perfect 

square. Therefore, tan fl= - or — -, from which sin S and cos 6, 

and thence g' and/' can be calculated. But, since $ < 90°, tan $, 
sin $, and cos are all positive. Hence we have the following 
results, where the sign before the radical is positive ; 





k positive 


h negativB 


t.„.= 


b 
h 


~h 


me^ 


h 
Vi-' + h^ 


V^+h^ 


00..= 


h 


-h 


g' = 


h!l + bf 


nf-hg 


/' = 


hf-bg 


- (¥ + a?) 



! neither hf— hg nor hg — a,f is zero, we see that if h is 
fe, and therefore the equation reducible to the form (1), f 
cannot equal zero ; and if k is negative, and the equation re- 
ducible to the form (2), g' cannot equal zero. Hence, on com- 
parison with equations (3) and (4), Art. Ill, we conclude that 
the locus of the general equation, in this case, is necessarily a 
parabola. 
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154 EQUATIONS NOT IN STANDARD FORM [Chap. VIIL 
Aa an example, let us reduce the equation 

to the standard form and thus determine the position of the locus. 

Since a^ — tfiis here equal to zero aud hf is not equal to bg, the locus is a 
parabola. Again, since ft is negative, we choose the form (2), Computing 
g' and/' from (3) and (4), llie given equation becomes 



-•^/2x' ~V2y' 



-1 = 



Completing the square of the 




Comparing nith (5), Art. 110, we 
^ee that the vertex of the parab- 
j1i referred to the new axes, is 

the point f ^, ^— V ^f 

V 1V2 2V2' 

the axes are translated so that this 
int IS the new origin, the equa- 
□ reduces to the standard form 



Pn f nhi,re the primi 

diopped 
igle through which the axe ha\e been related I 



i-e been 



Therefore 6 — 45". Figure 92 shows the locus and the three s< 



EXERCISES 

1. Reduce the following equations to the standard form. Determine tl 
angle through which it is necessary to rotate the axes in order to remove tl 
term in 3^, and the coiirdinates of the vertex referred to the original axes : 

(a) z2 -2aj, + j/s -fix + 16 = 0, 

(6) 3^-2j^ + j(« + 2j:-t/-l=0. 

(d) Qx^ + l2xy + 4y^-2y=0. 

(e) x^ + ixy -i- iy^ - Gx + S'j + I = 0. 
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Art. 1161 THIRD CASE. ab~h' = AND hf-bg = 155 

116. Third case, a6-A^=0 and hf-bg = 0. Since ab — k^ 
is again equal to zero, the general equation is reducible to the 
form (1), or the form (2), of the preceding article, according as h, 
is positive or negative. But here hf—bg = and af^hg—d. 
Hence, if h is positive, /' = ; and if h is negative, g' = 0. 
Consequently equations (1) and (2) of the preceding article he- 
come respectivelv , ,, x. ,. , , 

^"^^ (a + &)»," + 2/y+c = 0. (2) 

Each of these equations contains but a single variable. There- 
fore, in this case (cf. Art. Ill), the locus consists of a pair of 
parallel lines ; asingleline; or a pair of itnaginary Ihtes, according 
as the roots of the equation, (1) or (2), are real and distinct ; equal; 
or imaginary. 

It is not necessary to calculate the coefficients g' and /' in 
order to determine the nature of the locus of au equation satisfy- 
ing the conditions of this third case. For, since a is not zero, 
the general equation of the second degree can be written 

aV + 2 ahxy + ahf +2agx + 2 afy -|- (tc = 0, (3) 

and since ah = h^ and af — hg, (3) becomes 

{ax + hyf + 2 g{ax + hy) -f m = 0. (4) 

The locus then consists of a pair of parallel lines, a single line, 
or a pair of imaginary lines according as g' is greater than, equal 
to, or less than ac. For example, the locus of the equation 

4^+12 3n/ + 9/-f-4a: + 6y + l=0 
is a single line, since here g^ = ac. The equation of the line is 



clearly 



EXERCISES 
re of the loci of the foHowing equations. Draw 



(c) a:' + 2 a;)/ + ji^ — 1 = 0. 
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156 EQUATIONS NOT IN STANDARD FORM [Ch, 



. VIII. 



2. If d = 0, in the third case, show that the general equation is neces- 
sarily by^ + 2J^ + = 0, and therefore the locus is a pair of parallel lines, a 
single line, or a pair of imaginary lines according as /* is greater than, equal 
to, or less than be, 

117. Recapitulation. The results of the foregoing three arti- 
cles can be exhibited in tabular form as follows : 
Loci of the general equation of the second degree 

\a h g\ 
A= 7i b f\, C==ah-h\ 

\9 f c\ 



First case. 
«& - A^ 9^ 


Second case, 
ah-h^=0, kf-bg^O 


Third case, 
ab-h^=li, hf~by=0 




C>0 


C<0 


Parabolas 


Paralifii lines, a 
single line, or imag- 
inary lines 


A^O 


Ellipse, 
real or 
imag. 


Hyperbola 


A = 


Point 


Intersecting 





EXERCISES 

1. Analyse the following equations. What is the locus of each ? 
(a) «^ + 63T/ + i/'^-4K-12j/ + 10 = 0. (b) x^~xy + ^ + 3x = 0. 
(c) Saf'-SOxsz + aS!^- 10!r = 0. (^d) 2ifi-xy + &x-2y + » 



(a) 3f^-2xy + y^ -ll>x-<iy + 25 = 0. (b) x'^-xy + &x-2y + 6 = 0. 
(r) 2x^ + xy + f-5X'-l0y + l8 = i}. (d) x^ +3xy + 2y^ -x- y =0. 

3. The locus of the equation 3 «^ — 3 a;^ — y^ + 15 1 + 10 ;/ — 24 = is an 
hyperbola ; find the equations of its asymptotes. 

Sur.OEaTios. The center of the curve is found to be the point (0, 5). 
The standard form of the equation is 3 1^ _ 7 j^ = 2. Hence the equations of 
the asymptotes, referred to the axes of the curve, are 3x''~l y^ — 
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(Art. 106). When the coerdinate axes are transformed back to the original 
position, the equations of the asymptoteB become 

3x^-3x<i!i--b)- (s- 5)2=0, 
or s'-5 = (-3±V2i)|. 

4. For what value of t is the locuS of 3^ +2xy + '2ifi + x + k = a pair 
of straight lines ? Are these lines real or imaginary ? 

5. If the locus of the general equation of second degree ins and y is a 
central conic, show tliat the equation can be written in the form 

where m and n are the coordinates of the center, and A and C have the 
meanings assigned in Art. 117. 

6. Making use of the preceding exercise, show that the equations of the 
asymptotes of any hyperbola are 

„(^ - m)! + 3 h(x -m)(y-n)+ 6(y- »)= = 0. 

Apply this method Lo find the equations of the asymptotes of the hyperbola 

3?+&xy + j/^-ix- 12?/ + 10 = 0. 

7. Find the coordinates of the vertex, the coordinates of the focus, and 
the equation of the directrix of the parabola 

3^~i3:.y + ii^ — ix~2i/ + S = 0. 

TANGENTS AND DIAMETERS 

118. Tangents. It is often convenient to write the equation 
of a tangent to a conic at a given poiiit without first having to re- 
duce the equation to the standard form. Suppose the equation 
has the general form 

ax' + 2hxy + by' + 2gx + 2fy + c = 0. (1) 

Let P,{xj, yi) and P^i^^t J/z) ^ ^'^y two points on the curve. Then 
we must have 

ax,^ + 2 }ix,y, + by,' + 2gx, + 2Jy, + c^0, (2) 

*°^ a!e,'+ 2 hx^y, + by,' +2gx^ + 2fy, + c = 0. (3) 

Subtracting (3) from (2), we obtain 

a(x,' -xf) + 2 h(x,y, - x^,) + &(?/,= - y-')-\-2 y{x, - x,) 

+ 2J{y,-y,)^0. (4) 
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158 EQUATIONS NOT IN STANDARD FORM [Chap. VIII. 
Dividing (4) by a^i — a^, we have 

a(:n+».)+2t ''g'-''''- +i. <"■+-"') fa''--'A) + 2i,+2/!ft^i!l = 0. 

' ■ (5) 

Now ^^ ~ '"^ is the slope of the secant P,P,. Let this slope be 
x^ — £^ 

represented by m. The term ^'^'_'^^ can be written 

and is therefore equal to mxi + y^. Hence (5) becomes 

«(% ^'xi}-\-2 himx, + 7/,) + 6(y, + ;/,)m + 2 ^r + 2/m = 0. (6) 
Solving for m, we obtain 

2 Ax, + 6(2/, + )/,) + 2/ 

Equations (2) to (7) hold as long as P^ and P^ are on the curve. 
When P^ approaches Py along the curve, the secant approaches 
the position of the tangent at P„ and in the limit coincides with 
it {Art. 97, second method). Hence, making a^ = ic, and y^ = y, in 
(7), we have the slope of the tangent at P, ; that is, 

ax^ + hy^ + g 

hx^+by^+f 

The equation of the tangent at Pj is, therefore, 

Clearing of fractions and reducing by means of equation (2), we 

ax,x + hix,i/ + y,x) + by,y + g(x, + x) +f(i/, + y) + c = 0. (9) 

This equation ia easily remembered, since if the subscripts are 
removed, it returns to the original form (1). 

A convenient way of writing (9) is the following : 
x(a3\+hyi+g) 
+ y(hx, + by,+f) (10) 

+ (gx,+Jy,+c) = 0. 



(') 



(«) 
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Arts. 118, 119} DIAMETERS 159 

Either (9) or (10) is the eq^nation o£ a straight, line whether the 
point Pi is on the conic or not. If Pt is not on the conic, then 
(9) or (10) is, hy definition (Art. 104), the equation of the polaj 
line of Pi with respect to the conic whose equation is (1). 

EXERCISES 

1. Pind the equations of the tangents to tbo following, at the points 
indicated. 

(a) a^ + 1 ^ + 5 a; = 0, at the points whose ordinate is 1. 
(&) xy = 4, at the point whose abscissa is 2. 

(c) x'^ + xy + i =0, tA the point whose abscissa is 2. 

(d) ^ + 2 xy -^ S = 0, at the point whose ordinate is — 1. 

(e) x'^ — 3xy — iy^ + Q = 0, at the points whose ordinate is 2. 

2. Find the equation of the polar line ol the point (1, 2) with respect to 
the conic ii? — S :ry + y^ — i. Draw the figure to illustrate the problem. 

3. In exercise 7, Art. 117, show that the directrix is the polar line of the 
focas with respect to the given parabola. 

119. Diameters. In case of a central conic, we have found 
that the coordinates of the center are the values of m and n 
which satisfy equations (2), Art. 113. This amounts to saying 
that the center of the conic is the point of intersection of the 
lines whose equations are 

ax + hy + g^0, 

hx + hy+f^a. * ' 

Hence these two lines are diameters of the conic (Art. 101). 
The equation of any diameter is, therefore (Art. 84), 

(ax +ki/ + ff)+k(hx + by +/) = (2) 

where ft is a variable parameter. 

Let P(«i, y^ be any point on the conic. When the diameter 
(2) passes through P, h has the value 



hx,+ lry,+f 



But this is the slope of the tangent at P, (8), Art. 118, and hence, 
also the slope of the diameter conjugate to (2), Art. 102. Thei-e- 
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160 EQUATIONS NOT IN STANDARD FORM [Chap. VIII, 

fore, the parameter k is tJie slope of the diameter conjugate to (2). 
The' slope of (2) is 



Hence, k and — — ■ are the slopes of a pair of conjugate 



\-hk 

h+bk 

diameters of the conic whose equation has the general form. (1) of 

the preeediny article. 

The two diameters will be perpendicular to each other, and 

therefore the axes (Art. 102, esercises 12 and 13), when the 

ak 4- kl^ 
product of their slopes is — 1; that is, w*""" - 

Afc^ -|-(«-6)fc-fe = 

If ^1 and ^2 are the roots of (3), the equatio 

(.oiK + hy + g)+ k^lhw + by + f) =0, .^, 

(«a; + fty + (/)+ fta(ftai + 6y +/) = 0. 
The roots of (3) are always real, since the discriminant, 

4 h' i-{a- by, 
is necessarily positive. 

We have seen (Art. 106) that an asymptote of an hyperbola is 

a self-conjugate diameter. But if the slope of any diameter of a 

conic is equal to the slope of its conjugate diameter, we must liave 

,^^ a + hk 

k + bk' 

or &fc2 + 2 ftfc + a = 0. (5) 

If k' and k" are the roots of (5), the equations of the asymptotes 

^^"^ (ax + fiy + ff) + ft' (&» + &»/+/) = 0, ,„, 

and (6Kc + Ay + ff)+ft"(fttc + &y + /)=0. *• ' 

The roots of (5) are real and unequal only if oii — 7** < ; that is, 
only if the conic ia an hyperbola or a pair of intersecting lines 
(Art. 117). 

As an example, consider the equation 

'2x'' + ixy-y'^ + ix-'2y-i-S = 0. 

Here equation (3) ia 2 F + 3 ft — 2 = 
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Art. Ufil DIAMETERS 161 

whose roota are J and — 2, Hence, from (4), the equations of the axes are 

2x + y + l = (i, 
aod 1-251-2 = 0. 

Equation (5) becomes in this case 

i2-4t-2 = {), 
whose roots are 2 ± Vfi. Hence the e<]uations of the asymptotes are 

(2 a + 2 s + 2) + (2 ± V6)(2 a: - 9 - 1) = 0. 
The student should draw a figure illustrating this example. 

The diameters of a parabola are perpendicular to the directrix 
(Art. 101) and therefore perpendicular to the tangent to the curve 
at the vertex. We have seen (Art. 115) that the equation of a 
parabola is reducible to one or the other of two forms by a rotation 
of the axes through an angle fl<90''. But if /i is positive, the 
new X-axis is parallel to the tangent at the vertex (Eq. 1, 
Art 115) ; and if h is negative, the new X-axis is parallel to the 
axis of the curve (Eq. 2, Art. 115). Hence, from the values of 
tan $ in these two cases, we conclude that the slope of a diameter 
to the parabola is — *"" ~ r racconisng as k ia positive or negative. 
Bat - = -• Consequently, — is the slope of any diameter. 

The slope of the tangent to the parabola at the point P{x, y) \s, 



(8), Art. 118, 



ax + hy + g ^ 
hx-lhy+f 



This tangent is perpendicular to the diameters of the curve if 
— = 1, or in other words, if the coordinates of the point of con- 
tact satisfy the equation 

{hx-^by^f)h 
Clearing of fractions and remembering that A" = ab, (7) becomes 
(a + b){hx + by}-\-hg + fb = 0. (8) 
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162 EQUATIONS NOT IN STANDARD FORM [Chap. VIII. 

Now (8) is the equation of the axis of the parabola. For it is a 

diameter of the curve since it has the slope — '- ■ 
b 
As an example, consider the equation 

3^2 - 2 rj/ + !/''- 2 »^- 1 =0. (cf. Art. 115,) 
From (8), wo get the eijuation of the axis, 

K we solve the equation of the curve and the equation of the axis simulta- 
neously, we get tlie coordinates of the vertox. In this example, tlie vertex is 
the point (—J, — I). The equation of the taugent at the vertex is, therefore, 
J/ + I =-(K + J), or a; + J, + I = 0. 
As a second example, consider the equation 

93^^ + 24 3:y + 16j(^-52x+ 14!/- 6 = 0. 
Here we find the equation of the axis is 

Solving simultaneously with the given equation, we find that the vertex is the 
point (-08, .44). The equation of the tangent at the vertex is, therefore, 

(!l-.M)=Ki-.08) 
which reduces to 4-i._Sh-i-1— 

The student should construct a figure to illustrate this example, 

EXERCISES 

1. Find tlie equations of the axes of the ellipse 

a^-2«)/ + 4!/a + 2« + 10!)-|-10 = 0. 

2. Find the equations of the axes and the equations of the asymptotes of 
tHehnierboU i._ 7 x, + !/= + 12l + 3, + 171 =0. 

3. Find the equation of the axis, of the tangent at the vertex, and of the 
directrix of the parabola 

3:= - 2 IS + 3*^ - If a - 6 2/ + 25 = 0. 

4. In the general equation of a conic, show that the line !»^ + /^ + c = 
is the polar line of the origin with respect to the conic . 

• That the tangent at the vertex is the only tangent petpendlcular to the diameter 
through its point of contact follows from Art, 96, We there saw that the coordi- 
nates of the point of contact are -^ and -^ , where m is the slope of the tangent, 
udefinitely, the point of contact approaches the origin. 
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Arts. 120. 121] THE SYSTEM OF CIRCLES 163 

SYSTEMS OF COITICS 

130. The pencil of conies. If U and VdeiiOte expressions of the 
second degree in x and y and h is any constant, then U+JcV^O is 
the equatirm of a conic passing through the points common to U= 
and V= 0. 

For U-\- 1(,V= is of second degree in x and y and is, therefore, 
the equation of a conic. This conic passes through the points 
common to (7=0 and T^O, since its equation is satisfied by the 
coordinates of these points. When k is allowed to vary, we obtain 
a series of conies, each passing through the common points. 
This series, or system, of conies is called a pencil oi conies. 

The parameter k can be chosen so that the conic U+hV—^ 
shall satisfy some additional condition, for example, that it shall 
pass through a given point in the plane. 

121. The syatem of circles with a common radical axis. Suppose 
that XJ^ and V= are the equations of two circles ; that is, 

U^a? + y^ + Ax+By+C; = (i, 
and Fsar' + / + A» + S,:!/ + a=0, 

then 

(*= + / + ^ + £y + C) + K^ + / + ^* + B^ + G0=O (2) 

is in general the equation of a circle passing through the common 
points of the two given circles. But if A; = — 1, the terms of sec- 
ond degree drop out, and (2) becomes 

{A-A)x+{B-B,)y+{a-C\) = (i, (3) 

which ia of first degree in x and y, and therefore the equation of a 
straight line. This line is called the radical axis of the system of 
circles U+kV= 0. The radical axis is a real line, whether the 
circles intersect in real points or not. If the circles intersect in 
real points, the radical axis is the common chord. 

EXERCISES 

1. Find the equation of theconic which passes through the points common 
to the conies x^ — ^xy + ^^ —6^ = and 4 r^ _ j,s + 3 = 0, and also through 
the point (3, — 2). 
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164 EQUATIONS NOT IN STANDARD FORM [Chap. VIII. 

2. Find the equation of the radical axis of each of tlie following paire of 
circles ; 

(a) (X - 2y + (y- 3)3 - 10 = 0, (x + 3)2 +{y + 2)^-6 = 0. 
(6) 12 + j/2 _ 4 sf = 0, {x-&y + y^-il = 0. 

(c) {x + 3)^ + j/^-2il-S = 0, x^ + y^-2y = 0. 

(d) x^ + (s- ay = c^ (^x-2y + ^ = d'. 

3. Three circles, taken in pairs, have three radical axes. Show that these 
radical axes intersect in one and the same point. This point is called the 
radical center ol the three circles. 

4. Find the coordinates of the radical center of the three circles 
(37-3)2 + y2_ 16, ^2 + j,2_9^ aiida2 + (j — 2)« = 25. Constmct the figure 
illustrating this exercise. 

5. Show that the length of a tangent from the point (X]_, yi) to the point 
of contact on the circle x^ + y^ + Dx + Ey + F = U 



Vxi^ + y,'' + Dxi +Eyi + F. 

ScGGEsnoN. The triangle whose vertices are the center of the circle, the 
point of contact, and the point (Xi, yi) is right-angled at the point of 

G. Prove that the locus of a point, the lengths of tangents from which 
to two fixed circles are equal, ia the radical axis of the two circles. 

7. Show that the radical axis Of two circles is perpendicular to the line 
joining the centers of the circlee. 

123. The parabolas in the pencil U + kV= 0. If the couatant 
ft: is chosen so that the terms of second degree in U+kV=G form 
a perfect square, the corresponding conic is in general a parabola. 
Bnt it may be a pair of parallel lines, a pair of imaginary lines, 
or a single line (Arts. 115 and 116). Since the condition for the 
parabola is of second degree in the coefficients of a^, xy, and y', 
there are in general two parabolas in every pencil of conica. 

For example, consider the pencil of conies determined by the 
circle jj^^' + f -16x-Sy + U = 0, 

and the hyperbola y==^ ^^2 _Sx + 12 = 0. 
Here the equation 

(ay' + p^-16x-8y + U)+lc(i?-f-8x + 12)^0 
can be the equation of a parabola only if k = ± 1. Therefore 
the pencil contains the two parabolas 

a?-12 3;-4?/ + 28==Oand/-4x-45* + 16 = 0. 
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Abtb. 122, 123] STRAIGHT LINES IN U + kV = 

Fig. 93 illustrates the ex- ^ 

ample. The circle and hy- " 

perbola have but two real 
points in common aud the 
two parabolas pass through 
these points. 

EXERCISES 

1. Find the equations of tbe 
parabolas which pass through 
the points common to the circle 
x''+y' — x — 9 = and the hy- 
perbola a^ — 1 = 0. 

2. Find the equations of the 
two parabolas which pass 
through the points where the 

ellipse 3^ — 3*y-l-4j/2 — a — 2 = cuts the coordinate axes, (The equatioi 
of the coiirdinate axes is xy = 0.) Constmct the figure illustrating this ex 




123. Straight lines in the pencil l7"+fcF=0. When ft is chosen 
so that the diBCiiminant of U+kV—O vanishes, the correspond- 
ing conie is in general a pait of lines (Art. 114). 

For example, consider the pencil of conies determined by the ellipses 
U=2i? -j-a;j/ -l-6s)= -Ha-6 = Oand F=83:2 + Sx;;-|-IO!/= +a:- 10 = 0. 
Here the pencil (7+ fcF = Ois 



Forming the discriminant, 

(2 + 3 k) 
l + 6fc 



1 + Sfc 

2 
6 -HlO i) 



1 + A: 



-12(0-HOft)(A^l)(2*-|-l). 

. or — i, the discriminant is aero and the correspond- 

ines. It t = -|, U+kV 

- 10 a:?/ -H 2 3: = 0, 
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166 EQUATIONS NOT IN STANDARD FORM [Chap. VIII. 

whiot is the equation of the pair of lines 

^^ = OaiidiE- lOy + 2^0. 
These are the lines liC and AD in Fig. 94. If A = -l, U+kV=0 be- 
comes x^ + ixy + i^-4 = 0, 
which is the equation of the pair of parallel lines 

x + 2!/-2 = and a- + 2!/ + 2 = 0. 
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orSOand-iCiiitheflsure. Ift=-j, tJ+tF^Oh 

OT (a;-2j/+2)(«-!,.-l)=:0, 

which is the equation of the pair of lines A B and CD. 

The coordinates of the points A, B, 0, and D are now easily found. They 
represent the common solutions oi the equations 17 = and F = 0. 

EXERCISES 

1. Find the equations of the straight lines which join in pairs the points 
the following pair of conies : 

(a) ^a + s)2 _ 26 = 0, 53^-l-14!/-l-33:- 110 = 0. 

(c> a;2 _(_ 2 *j, + 7 1/^ -■ 24 = 0, 2j? - xy -y^ ~& =<i. 

2. Find the coSrdinates of the points common tc each pair of conies in 
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Art, 124] 



PENCIL OF CONICS 



167 



124. The pencil of conies through four given points In the prf 
ceding artielu we have seen li<j« the cooiihiiate'i ot the pomts 
common to two conies f/=0 and V—0 nid,> he found On the 
other hand, if we are given the 
coordinates of four points, we cat 
determine the pencil of conitf 
which has these points 

For example, let the four giv 
points bo A(_l, 0), B(2, 1), C(l, . 
and D(0, 1) {Fig. S5). The equat: 
of the pair of lines AB and CD 

and the equation of the pair AC ■ind 

-«^^ (x~l)iy-l)=<i- 1" '■ 

Therefore the equation of the pencil of conies having the four given points in 

common 13 (j. _ ^ _ ij^,. _ j, _^ jj^ ^|-^_ ij(j,_ ^j^u 

Clearly, the parameter * can be deteniiined so that the corresponding conic 
shall pass through any fifth point in the plane. Thus, if we wish the conic 
of the pencil which passes through the origin, we must determine k bo that 
the above equation shall be satisfied hy the coBrdinates of the origin. But 
the equation is satisfied for a; = and i; = if A: is 1. Therefore the ellipse 




belongs to the pencil and also passes through the origin, 

EXERCISES 

1. Find the equations of the conies which pass through the following si 
of points 1 j^j ^^^ yj^ (1,0), [2, 1), (1,3), and (-1.-41. 



(b) (l,l),('i.2),(0,4),(_4,0),aTid(- 

MISCELLANEOUS EXERCISES 

1, Show that the line x — '2y = i) touches the circle 

x^ + f-ix + Sy = 0. 

2. The line y = 3 ar — 9 is tangent to the circle 

x^ + f + -2x + 4:y-'5 = 0. 
Find the coordinates of the point of contact. 



-2). 
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168 EQUATIONS NOT IN STANDARD FORM [Chap. VIII. 

3. Prove that the distances of two points from the center of a circle are 
proportional to the distances of each from the polar line of the other. 

4. Find the equations of the circles which pass through the intersections of 

x^ + f = ti and x^ + S^ + x + 2y = li 
and touch the X-axis, 

5. Find the ooOrdinateB of two points whose polar lines witli respect to the 
oircles :>? + y^ — 2x — S = and x'^ + y^ + 2x — ll=0 coincide. 

S. Find the coijitlinatea of the radical center of the three circles 
^ + ^~4:X-Sy~5t=0, x.^ + y^-%x-10y + 25 = 0, 
and x'^ + tf^ + Sx + lis -10 = 0. 

7. Reduce the following equations to a standard form ; 
(«) (iy~Sxy + iiix+3y) = 0. 
(6) ix-^-Mxy+ny^-Wx-2y-8d:=0. 

(c) 5x'-ixy + 8!^-22x-i-lGy-m = 0. 

(d) 9:^ - Uxy -i- iy^ = li}(_2x + Sy + ^). 

(e) S3?~2xy + 2y^-16x-Sy + S = 0. 
if)6^ + 2ixy->fi + 50y-5b = (l. 

iff) x^-2xtf + y^-&x-y-2 = 0. 
(ft) ix^ + ixy + ^ + ix — Sy + i = 0. 
(i) 25)fi-2Qxy + 4y^ + 6x-2y-6 = (l. 
O) x!'-6xy + 9y^-2x + »y + l=0. 
(ft) x^^2xy-^ = 20. 
(0 xy + 3x-5y+5 = 0. 
(m) ^^ + 22^ + ^ + 1=0. 
{«) (5y + 12x)^ = 10'2x. 
(o) ■j;^-xy-2y^-x-iy-2=0. 
B. What curve must be used as a pattern, for cutting elhows of stovepipes 
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CHAPTER IX 

LOCI OF HIGHER ORDER AND OTHER LOCI 

135. Certain loei of higher order, as well as certain transcen- 
dental loci, are of importance either because they are useful in 
mechanics or because of their historical interest. The more im- 
portant of these loci are considered in the following articles. 

ALGEBRAIC LOCI 

126. The Ciasoid of Dioclea. Let C be the center of a circle of 
radius o, and 00^1, any diameter of it. Through draw any 
chord OB and produce it until it meets the tangent at A in the 
point Q. K P is so chosen that PQ is equal to OR, then the 
locus of P is a curve called the Cissoid of Diocles. 

To find the equation of the cissoid, let he the origin, OCA 
the X-axis, and the tangent at the Kaxis. Let 9 denote the 
angle AOQ. Then OQ = 2 a sec 9 and 011 = 2 a cos 6. Hence, 

0P= OQ- PQ = OQ - Oi; = 2 «{seci9- cose). (1) 

But 0P=-^/a?-k-y^ and 9 = arc tan ^. 

X 

Therefore secfl = ^^^^±^, 

X 

and cos & = — ■ - • 

Substituting in (1) and reducing, we get the equation sought, 

■' 2ra-x 

Either from the definition, or the equation, the curve is seen 
to have the form indicated in the figure. 
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1. Show that the line 2 a — ^ = is an asymptote to the eiasoid. 

2. Using the method of Art. 118, show that the tangent to the cissoid at 
the point {x,, »),) is 2(2 o - x,)yiy - (3 x,^ + y,^)x + 2 at/i^ = 0. 

3. In Fig. fl6 let CM be taken twice the iei^th of OB. Draw MA and 
let it meet the cissoid in the point F whose ordinate is FE. Prove that 

FE^ = 2 . OE^. If CM is n times CB, show 
that FE^ = n ■ OE'. 

Note. The cissoid was invented by Dio- 
des for the purpose of duplicating the cube. 
Thus, in Fig. 96, when CM is twice CB, 
and OE is the edge of a given cube, FE is 
the edge of a cube of twice the volume. 
The duplication of the cube is one of the 
famous problems of antiquity. Diodes lived 
about 150 B.C. 

127. The Conchoid of Nicomedes. 

Let XX' be any straight line and 

any point not on XX'. Through 

j-ij, r)ii draw a serios of straight lines 

forming a pencil, and on each of 

these lines lay oif a constant length a on each side of XX', 

The locus of the points so determined is called the conchoid of 




To find the equation of the conchoid, let XX be the X-axis and 
the perpendicular through 0, the F-axis. The point of intersec- 
tion A is the origin. Let OA = b, and P, any point on the con- 
choid. Construct the right triangle POD, PO and PD meeting 
XX' in i^ajid E, respectively. From similar triangles, we have 

EP:FE::DP: 01). 

Now, EP=y, UP^y-\-b, and OD = x. By construction, /'ii'= a, 
and hence FE = Va' — y^- It is clear that these relations hold 
also for the point P', where P'F=FP=a. Substituting in (1) 
and reducing, we have the etjuation sought ; namely. 
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Arts. 127. 128| 



THE WITCH OF AGNESI 



EXERCISES 



Note the differ- 




2. Show tiat the Xaxis is an asjinptote of the conchoid. 

3. In Fig. 97, let AB be twice the length of OF. Draw the p 
lar XS' at F and let it meet the conchoid at if. Draw OK and take 
KB = OF. Show tliat 

KB = RF= OF, and con- 
sequently the angle KOB 
Ih one third the angle 
FOB. Show how tliis 
construction enables one 
to trisect aji; given angle. 
Note. The conchoid 
was invented by Nicome- 
des for the purpose of til- 
set-tmg a given angle 
This 15 another famous 
problem of antiquity 
Neiihei the duplication of the cube n 

effected by means of Ihe unle and straight line alone, hence the a 
were forced to the inventmn of other curves for these purposes. Kiconiedes 
was a contemporary of Dioclea. 

1 28. The Witch of Agnesj. I,et G be the center of a circle 
whose radius is a ; and OS any diameter. Draw the tangents at 
and B\ and let 
Oli be any chord 
through which, 
produced, meets 
the tangent at 13 in 
N. Through R 
draw the parallel 
"'"""" to OD, the X-axis, 

and through N, the parallel to OB, the Y-axis. The locus of 
the point P, where these parallels meet, is called the witch of 
Agnesi. 



B S 
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LOCI OP HIGHER ORDER 



EXERCISES 

1. Show that the equation of tho witch, referred to the lines OXand OY 
AS coSrdinate axes, is j/ = 2 

SiiGOESTioN. Use the similar triangles JVBP and NOD to find the re- 
lation between the coordinates of P, 

2. Show that the X-asia is an asymptote of the witch. 

Note. Bonna Maria Agnesi, who invented the witch, was bom at Milan, 
ni8, amd died there, 1799. She was appointed Professor of Mathematics 
at the University of Bologna, 1750. 

129. The Limafon of Pascal Let O be the center of a circle 
whose radius is a ; and OD, any diameter. Through draw a 
series of lines, and on each of these lay off a distance b on each 
side of the circle. The locus of the points thus determined is 
called the lima^on. 

To find the equation of the lima^on, let be the pole and OD 
the polar axis. The length of the chord within the circle is 
2 a cos $. Hence the radii of the points P and P' on this chord 
are given by the equation 

which in rectangular cofirdinates reduces to 



EXERCISES 

1. Construct the limagons for 
which b>2a, b = 2a, and 6 < 2 n. 
Note the difference in form. When 
b —2 a, thelima^on is called the oar- 
dioid from its heart-shaped form. 

2. When 6 = a, the lima^on fur- 
nishes a neat curve for trisecting a 
given angle. In Fig. 99, let PGB'be 
the given angle. Show that FM — 
MO = GO and, therefore, the angle 
POB is I the angle FOB. 

Note. Pascal (1623-1003) was a 
celebrated French mathematician 
and philosopher. 
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Arts. 129, 130] THE CYCLOID 173 

MISCELLANEOUS EXERCISES 

1. Sliow that tlie locus of the interssoiioii of a tangent to the parabola 
^ = — 8 aa and a line drawn through the origin perpendicular to this tangent 
is the cissoid. 

SuGHESTioN. The equation of a tangent in teniis of the slope is (Art 95, 
Eq. 9) y = iax~ • — - , and the equation of the line through the orighi per- 
pendicular to this tangent is y = -- — . The locus of the intersection of these 
two lines is found by eliminating iit from the two equations. 

2. A tangent is drawn to the parabola ^ = ipx at a point T. The per- 
pendicular to this tangent through the origin meets the ordinate of T, pro- 
duced, at P. Find the equation of the locus of P as T moves along the 
curve. The locus is called the semicnbical parabola. 

3. The two parabolas ^ = 'iax and x' — ay nieet at the origin and also 
at another point I'. Find the coordinates oi P. \1 a is tlie edge of a given 
cube, show how the construction of the two parabolas solves the problem of 
the duplication of the cube. 

4. Show that the conchoid is the locus of the points of intersection of the 
line j/=' — 6 with tlie i,ucle (c — fi,)'+/ =a, k being a variable 
parameter 

3 A tai^ent is drawn to the equiUteril hjperbnla r^ — ^ = d' at the 
point T The perpendicular to this tangent through the origin meets the 
tangent in the point P Show that the loeus of P ■js r moves along the 
curve, IS the lemnisoate (Art 5i) 

6. Find the locus of the intersection of the two straight lines 
x + ky-\-a{,i?-S)=(i and y = Jcx, 
k being a variable parameter. The locus is i;a)led the trisectrix of Maclaurin. 
Discuss its equation and draw the loons. 

TRANSCENDENTAL LOCI 

130. The cycloid. The locus of a poiot in the circumference 
of a circle which rolls {without sliding) along a fixed straight line 
is called the cycloid. The circle is called the generating circle. 

To find the equation of the cycloid, take the line on which the 
circle tolls as the X-axis, the raditis of the rolling circle equal to 
a, and one of the positions in which the tracing point is on this 
line as the origin 0. Let C be the center of the generating circle 
when the tracing point has the position P. Join P and C, and 
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draw GT perpendicular to the X-axis. Let 6 represent the angle 
PGT. Now 0T=axaPT=a6. Hence, 






TO 



-PE^ 

-E0 = 



~ a sin $, 
a cos 9. 



(1) 



Equations (1) are the parametric equations of the cydoid, 6 
being the parameter. 

When 6 varies from to 2 jr, P traces out one arch of the curve. 
The entire curve consists of this arch and repetitions of it to the 
right and left corresponding to values of outside the limits 0, 2 t. 



EXERCISES 

1. In rig. 100, OB is the span of one arch of the cycloid a 
middle point. Show that the area of the triangle OAB is twice 
the generating circle. 

2. Wlien the point T bisects OF, show that the area of the tri 
is half the area of the square inscribed In the generating circle. 




Fig. 100 



3, Prove that the tangent to the cycloid at P passes through H, the upper 
extremity of the diameter of the generating circle which ia perpendicular to 
the base OB. 

SuocKSTiON. At any instant of the motion of the generating circle, T 
(its lowest point) Is at rest, and tlie motion of every point of the generating 
circle is for the moment the same as if it described a circle about T. Hence 
the normal to the cycloid at P must pass through T. 

4. If e = - , write the equation of the tangent to the cycloid. 

Note. The cycloid was much studied by the most eminent mathema^ 
ticians of Europe during the first half of the 17th century. In particular 
Galileo and Pascal discovered many of its properties. Its area was found to 
be three times the area of the generating circle by Roberval in 1634. The 
method of drawing tangents (exercise 3) was discovered by Descartes. 



Hosted by 



Google 
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THE HYPOCYCLOID 



175 
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131. The Hypocydoid. This locus is the curve traced by a 
fixed point on the circumference of a circle which rolls internally 
along the circumference of a fixed circle. 

To derive the parametric equations of the hypocyeloid, let the 
radii of the fixed and rolling circles be a and b respectively. 
Let A be one of the 
positions in which 
the tracing point lies 
on the fixed circle. 
Take the center of 
the fixed circle as 
origin, and the line 
OA as X-axis. Let 
C be the center of 
the rolling circle 
when the tracing 
point has arrived at 
the position P(x, y), 
S the angle througli 
which the line of fki. loi 

centers OCB has 

turned, and the angle through which the radius CP of the rolling 
circle has rotated since 7* left the position A. The coordinates of P 
are the coordinates of C plus the projections of CP upon the X- 
and Y^axes, respectively. Hence (Fig. 101), we have 
x = OM=OH+ NP=OCeoa e + CPcos if, ={a-V)cos $ + bcos it>, 

y = MP=HG- NO = {a-b)sin$~b sin,},. 
But arc PB = arc AB, and therefore we have 

h(0 + ,f,) = ae, or ,f, = '^^^e. 
Hence, the required equations are 

a; = (a - b) cosO+b cos f-^ ^1 , 



y^(a-b)sm0-bs 
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176 LOCI OP HIGHER ORDER [Chap. IX. 

132. Special Hypocycloids. If a = 2b, the equations of the 
hypocyeloid become 

x = 2b cos 0, 



Hence, in this case, the hypocycloid consists of that portion of 
the X-axis which is included within the fixed circle. 
If tt = 4 &, the equations become 

9; = -(3 cos ^4- cos 3 0), 

a (^^ 

i/ = ^(3sin^-sin39). 

But, from trigonometry, 

cos 3 fi = 4 cos' d — 3 cos 0, 

sin 3 = 3 sin e ~ 4 sin^ d. 
Substituting these values in (1), we get 




Bquai'ing, adding, and 
clearing of fraetions, 
we have 



.u 



a^ 



The tracing point on 
the rolling circle re- 
verses its direction of 
motion at each of the positions in which it is in contact with the 
fixed circle. These points are called cuapa. Thus, in Fig. 101, 
the points A, D, E, are cusps. 

If a = 4 &, there are four cusps, since the rolling circle makes 



Hosted by 



Google 



Arts. 132, 133] THE EPICYCLOID 177 

exactly four complete revolutions in returning to its original posi- 
tion. Hence, the locus is called the four-cusped hypocycloid. It 
is an algebraic curpe, since its equation, x^ + y^ = a^, is algebraic. 
The equation is readily rationalized, and it then has the form 

from which it is seen that the curve is of 6th order. The form 
of the curve appears in Fig. 102. 

EXERCISES 

1, Show that the tangent and noimal at any point P of an hypocycloid 
pass through the extremuies of that rliamettr of the rolling circle which 
passes through the center of tht fixed circb (m Fig. 101, the tangent and 
normal at P pass through ^and B respectively) 

2. Prove that the length of the tangent at any point of the four-ousped 
hypocycloid, which is included between the coordinate aiea, is equal to the 
radius of the fixed circle. 

Let P (Fig. 102) be any point of the curve, and C, the center of tlie coll- 
ing circle when the tracing point has the position F. The tangent at Pis 
then PF, meeting the axes in X'and L. We are to show that EL is equal 
to the radius of the fixed circle. Since arc AS = arc PB and the radius of 
the fixed circle is four times the radius of tlie rolling circle, it follows that 
the angle BCP is four times the angle BOjI; that is, angle BCP=ie. 
Hence, angle BFP^2e; and OFL is an isosceles triangle, OF=FL. 
Also OP^ffia an isosceles triangle and OF = FK. Thereforeiff = 2 ■ OF=a. 

Note. When a straiglit line, or curve, moves according to a given law, 
it is generally continuously tangent to another curve called the envelope. 
Thus, the four-cusped hypocycloid is the envelope of a line of constant 
length which moves so that its extremities are always on the coordinate 
axes. This property enables one to construct the four-cusped hypocycloid by 
merely drawing a series of lines of constant length whose extremities all lie 
on the coHrdinate axes. The student should make the construction. 

133. The Epicycloid. The locus is the curve traced by a fixed 
point on a circle which rolls externally on the circumference of a 
fixed circle. 

The parametric equations of the epicycloid are found in exactly 
the same way as were the equations of the hypocycloid (Art. 131). 
They may be written from the equations of the hypocycloid by 
changing the sign of h. The equations are 
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cc =.(« + &) cose- & cos r^fll 




134> The Cardioid. When the rolling circle is equal to the 
fixed circle ; that is, when. a:=b, the equations of the epicycloid 
become 

X — 2a(ios6— a cos 2 $, 



To show that this curve is the cardioid (Art. 129, exercise 1), 
let Cbe the center of the rolling uircle when the tracing point has the 
position P. Draw PA and let it meet the fixed circle again at Q. 
How, since arc PF=3,rG AF and FG = FO, the angle FOP = 
angle FOA=e; FP =- FA and PQ is parallel to 00. Again, 
since OA ^ OQ and angle OAQ = 6, angle OQA = and QOCP 
is a parallelogi'am. Therefore, QP — 00 = 2 a, and the point P 
can be located by laying off the distance 2 a from Q along the 
chord of the fixed circle through A. This agrees with the defini- 
tion of the limaqon for which b=2a. Hence, the special epicy- 
cloid for winch the rolling circle is equal to the fixed circle is the 
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THE CARDIOID 



same as the special limagon for which the distance laid off aUmg the 
chords of the fixed circle is twice the radius of the fixed circle. 




The tangent to the eardioid at P passes through T, and the 
normal through F. Hence, the circle whose center is F and 
whose radius is FP touches the eardioid at P. But this circle 
passes through A, since FP=FA. Therefore, all the circles hav- 
ing their centers on th^ fixed clrde and passing through A, touch the 
eardioid. Or, in other words, the eardioid is the envelope of this 
system, of circles. This property enables one to construct the 
eardioid by drawing a number of circles of the system. 

While the epicycloids are in general transcendental curves, the 
eardioid, as we have seen, is an algebraic curve. 

MISCELLANEOUS EXERCISES 
1. A circle of radius a rolls along a fixed straight line ; a point on a 
fixed radius of the circle at a distance 6 from the 
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called the troehoid. Show that the parametric equations of tiie trochoid are 



Plot the trochoids for which & < a and & > a. 

2. Show that the polai' equation of the cardioid (Fig. 104) is 

A beiiiy the pole and OA the polar axis. 

3. Write the parametric equations of the hypocjcloid for which a = 3 &. 
This curve is called the tbiee-cusped hypocycloid. 

4. A thread is wound around a circular disk and then unwound, kept 
always stretched. Any point in the thread describes a curve called the 

involute of tbe circle. If a is the ra- 
dius of the circle, A the position where 
the tracing point leaves the circle, O 
(the center of the circle) tbe origin, 
and OA the X-axis, show that the 
parametric equations of the locus are 

y = asva»- a^coatf. 

5. A ladder stands upright 
against a. perpendicular wall and then 
slides down, Che upper end continually 
resting against the wall. What is 
Pjq ^05 the envelope of the moving ladder ? 

What is the locus of its middle point ? 
What are the loci of the points dividing the ladder in the ratio — ? 

6. A projectile leaves the muzzle of a gun with a velocity of c feet per 
second, thebarrel of the gun being elevated at an angle * from the horiKontal, 
Neglecting the resistance of the atmosphere, show that the path of the pro- 
jectile Is a parabola whose parametric equations are 




the parameter { denoting time measured In seconds, andj;, the force of gravity. 
Take the position of the gun aa origin and the horizontal line OL as X-axis. 
Now, at the end of t seconds, the projectile would be at §( OQ = vt) wore it 
not for gravity which pulls it down a distance QF -— y- . Hence, 
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z-OD = vt cos 

y = DP= Dq-rq^i,. 



Eliminating ( from tl 




Hence, tlie locus is a parabola. 

7. The distance OL (Fig. 103) from tlie gun to the point where the pro- 
jectile strikes the horizontal line is called the range. Derive a formula for 
computing the range when the 
velocity « and the angle of ele- 
vation ^ are given. Show that 
the greatest range is obtained 
when ^ =45°. If the velocity 
u is 1000 ft. per second and the 
range is 5 miles, what must be 
the angle of elevation ? 

8. Two men compete in 
putting the shot. Compute the 
efiect of any difference in height 
of the men, other things being 

9. A form is to be con- 
structed for a parabolic arch of 
cement work. The height of 

the arch is h and the span 2 I ; find the equation of tlie arch. 

10. Find tlie equation of the locus of the foot of the perpendicular from 
the center upon the tangent to the ellipse 

| + g=L 

11. The hypotenuse of a right triangle is given in position and length. 
Find the equation of the locus of the center of the circle inscribed in the 

12. Find the locus of the center of a circle which touches two given 
circles. Discuss the problem for the various positions which the given circles 
may have. 

13. Through a given point (*i, yi) two lines are drawn which meet the 
coordinate axes in the points A, B and A\, Bi, respectively. Find the locus 
of tlie point of intersection of the lines AB^ and A\B. 



Fio. lOfi 
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EMPIRICAL EQUATIONS AND THEIR LOCI 

Pairs of corresponding values of two variable quantities are 
often found by experiment; the gi'aph or locus determined by 
these pairs (Art. 40) exhibits the change in function due to a 
change in variable within the limits of observation. It is often 
of importance to determine the equation of this graph or locus; 
or, to speak more accurately, to find an equation whose locus 
coincides as closely as possible with the locus formed from the 
observed pairs of values. An equation found in this way is called 
empirical, because it depends upon experiment or observation. 
An empirical equation is the mathematical statement of an em- 
pirical law. 

Tbe complete solution of the problem of finding an empirical 
equation from a given set of observations often leads to very 
intricate analysis, but it is not difficult to test a set of observa- 
tions to see if it satisfies any one of a number of typical equations. 
These typical equations embody the simple laws of natural science. 

135. Typical Equations. 

1. J = mx -\- k ; straight lines. 

2. y= Gb"; parabolic curves (Fig. JOT). 

3. (;/ — ft)= 0(3;— A)"; parabolic curves, origin not at the 
vertex. 

4. y=—; hyperbolic curves (Fig. 107). 

5. (i/ — fc) = - — ^^-i—' I'yp^rbolic curves, origin not at the 
center, *■ ~~ ' 

'■ r4'=«^)' exponential curves (Fig. 109). 

7. y=_^ (Fig.UO). 

i + x^ 

8. y!=a+bx + cx^ + da:^-\ f-fc""- 

136. Loci of typical equations. A study of the foregoing equa- 
tions and the general characteristics of the corresponding loci is 
of fundamental importance. 
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Figure 107 shows a number of curves belonging to the family 
y= Gx". Tiiis is an especially important family of curves, since 
many of the simple laws of natural science are embodied in the 




equation y = Cx". The curves are drawn for C = 1 ; the general 
form of the curves will be the same for any other value of 0. 

If n is a positive number (type 2, Art. 135), the curves are 
called parabolic. If n is 3 or ^, the curve is the cubical parabola. 
If m is f or -|, the curve is the Bemicubical parabola. If it is 2 or 
^, the curve is the ordinary parabola. If b is a negative number, 
the curves are called hyperbolic. If ji is — 1, the curve is the 
ordinary hyperholu. 
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A study of the figure reveals the following properties : 

I. All curves of the system, wluUever the value ofn, pass through 
tlie point A=(l, 1). 

II. All the parabolic curves of the system, (n > 0) pass through the 
origin, follow the diagonals of the square ASC'D more or less closely, 
and pass out of the square through A and one other vertex. 

III. Ifnis a positive number represented by - (a and b prime to 
each other), then 

(1) when a is even and b is odd, the curves pass through 

Bs(-l,l); 

(2) when, a is odd and b is odd, the curves pass through 

C = (-l, -1); and 

(3) when a is odd and b is even, the curves pass through 

Z),(I, -1). 

IV. The parabolic curves of the system jUl the square ABCD and 
the infinite regions of the plane which comer on this square ; i.e. the 

sliaded regions in Fig. 108. 
V. When n is a positive 
even integer, the curves touch 
the X-axis more and more 
closely the larger n is taken ; 
i.e. the curoat-wre at the ori- 
gin becomes less and less as 
the value of n is increased. 
When M is a positive odd 
integer, the curves touch 
the X-axis at the origin, 
but the curvature changes 
from concave downward on 
the left of the T-axis to 
B upward on the right. Each curve has a point of inflexion 
at the origin. 

When n is fractional, with neither numerator nor denominator 
equal to unity, eaeh curve has a cusp at the origin. 
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VI. The hyperbolic curves of the syntem. (h < 0) Jill the regions oj 
the plane outside the square ABGD and the infinite regions corner- 
ing on this square ; i.e. the wn- 
shaded regions in Fig. 108. The 
axes are asymptotes to each hy- 
perbola of the sy stein.. 

Types 3 and 5 (Art. 135) do 
not differ in form from types 2 

Type 6 is illustrated in Fig. 

109. Each curve of the system 
passes through the point (0, 1) 
(a is assumed to be unity in 
drawing these curves), the 
curvature depending upon the 
value of b. The curves illus- 
trate phenomena that follow the 
"compound interest law." 

Type 7 is shown in Fig, """ '"" 

110. If a= = ii>, the curve is the witch (Fig. 98). This curve 
is of special importance in representing phenomena where the ob- 
served value (the function) gradually decreases, from a 
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at x = 0, as the variable. increases in value. Other curves ap- 
plicable to phenomena of this character are the probability curve, 




Fig. 112. If 



137. Sel ct * yp e and determination of constants. 

Frequentl th 1 1 h xperimental data must follow is 

known b f b d d th t is only necessary to determine 
the con t t th q t For example, in experiments on 

falling b d th 1 w k wn to be of the form y = (V, where 
y reprea t th I at fall during the time x. In this case. 
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one pair of values of a: and y will determine the value of the con- 
stant C. 

Experimentally determined values of any function, are never 
absolutely exact, so that plotted points, determined from experi- 
ment, never all lie exactly on the curve representing the tnown 
law. The values of the constants, determined as above, are there- 
fore more or less approximate. The aim is to find such values 
for the constants as will give the best average curve to represent 
the observed values of the function. 

In case the law is not known, the curve which best represents 
the observed values of the function must be selected by trial. 
The procedure is as follows ; 

(a) Plot the observed values carefully ; 

(6) Prom the known forms of curves discussed in Art. 1.36, 
or elsewhere, select that one which resembles the plotted curve 
most closely ; 

(c) Determine the constants in the equation of the selected 
curve so that it will fit the observed values most closely. 

To fulfill the requirements (&) and (c) satisfactorily requires 
good judgment and a good eye as well as some knowledge of the 
forms of various types of curves. The results obtained are often 
quite as serviceable as though more intricate analysis had been 
employed to find them. 

138. Test by means of linear equations. After a ti-ial curve has 
been selected, it is often rather difficult to determine whether 
this curve actually represents the observed values o£ the function 
with sufficient accuracy for the purposes of the problem or not. 
The following device is of great assistance in determining whether 
to retain or reject the trial curve. The typical equations in 
Art. 136 can be transformed into linear equations as follows : 

2. y = Cx" can be written log y = log C + n log x. 

3. (.V — &)=(?(« — A)" can be written log (y — k)=log C■\^ 
n\os(x-h). 

Types 4 and 5 are included in the above. 

6. y=^alf can be written log y = log a-\-x log 6. 

7. v = 1 can be written _ = --]-_. 

fi -1- 3!= y a a 
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.IX. 



If the observed values satisfy sufRciently accurately an equar 
tion of the form y = Cx", say, then the logarithms of the observed 
values must satisfy the equation log y = log C-i- n log x. Hence, 
the points plotted from the logarithms of the observed values 
must lie closely upon a straight line. If they do not lie upon a 
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straight line, or nearly so, the required equation is not of the 
form y = Cx". 

Similarly, if the observed values are to satisfy an equation of 
the type y = aif, then the values of log y and x must satisfy the 
equation log y = log a + x log 6. 

Again, if the observed values are to satisfy an equation of the 
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type 7, the values of - and x^ must satisfy the eqiiatio 



Instead of looking up the logarithms of the numbers in a 
given table, logarithmic paper may be used. The horizontal and 
vertical scales on this paper represent the logarithms of numbers. 
Figure 113 shows a sheet of this paper on which has been plotted 
the table in Example II, Art, 139. Because the plotted points 
he very closely upon a straight line, we may assume the equa- 
tion y= C'x". 

139. Examples and exercises. The foregoing statements will 
be better understood from the following illustrative examples and 
exercises. 

Example I. Find an equation wliich is satisfied by the following pairs of 
values ot x and y : 

x^l % 3 4 5 6 

y = 3 1.5 1,22 l.iaa 1.08 l.Oti 

Plotting tie given pairs ot values, we have the curve in Fig. 114. We 

now note tliat tliia curve resembles one of the hyperbolic curves belonging to 
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thf; system y = Qc"", but with this difference ; instead of approaching the 
X-axis as an asymptote, it apparently approaches the line y = 1 as an asymp- 
tote. We therefore assume, as a trial equation, y — 1 = Cz". If the given 
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and y satisfy this equation, then tlie values of log(j — 1) and 
itisfy tlie eqiia,tion 

log (9 - I)= 'og t.' + nlog*. 



log; 
log(sf- 



.477 



.602 



.70 



-1)=.301 -.301 
Plotting these values, we obtain Fig. 116. We see tliat the straight line 
passing through, the first and next the last of these points very nearly passes 
through the others. The slope of 
ind the intercept 
1 = log 2. 
log 2 - 2 



By actual suhstitution, this 
D be very closely 
satisfied by the given pairs of 
values of * and y. 

I.ogarithmic paper may be used 
in this esaniple, as explained in 
I he preceding ai-ticlc. 

Example II For water flow- 
ing in pipes, the loss of pressure 
due to fnctiou is approximately 
propoi"Uonal to the square of the 
velocity If y i>! the loss of pros- 
per 1000 feet and a- is the 
velocity in feet per second, then 
(approximately) y = ax' Fmd 
the value of the constant a so 
■■ that the following experimental 
data will fit the given equation 

4.8 e.l 7.2 8.2 




Example III. Show that the observed data 
more closely satisfy an equation of the type y = 

Example IV. The following obser^'ations wi 
inclined 



1 the preceding example will 

ax". See Fig. 113. 

re made of wind pressure on 
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Inclination from vertical : 30°, 40°, 50°, 80°, 70''. 

Pressure (pounds per square foot) : 5.5, 5.3, i.4, 3.5, 2.1. 

Determine the curre representing the pressure as a function of the angle. 

Sdogestion. Assume the equation k — y= oa". Plot the observed 
valuea. Estimate t = 6. Plot the values of the logarithms of S — y and x, 
and fit a straight line to the plotted points. 
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Example V. In a certain investigation upon the strains in railway bridges 
due to the passage of trains, the following data were found : 

) 360 3n0 420 
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rind an empirical tquitiun wh\ li tlipse oliserviitions will satisfy with rloae 
apprn-iimition 

Suggestion Plot the given pairs of values carefully. Note that the 
curre obtained ^ecms to appioach the X-axis as an asymptote. Since the 
fmiction begins with a maKimum value at k = and steadily decreases in 
value as x increases, choose type 7 as a trial equation. Plot the values of 
- and '^ and fit a straight line to the plotted points. 

Figure 116 shows the points plotted from the given pairs of values uf x and j/ 

and also the locus of the equatiou y — — ^ — in which a = 2,000,000 and 

6 + j;'^ 
h = 20,000. The scales are indicated on the figure. 

Example VI. In a series of experiments on the adiabatic expansion for 
air, the following data were obtained, where v stands for volume and ji for 
the corresponding p 



j» = 107.8 71.6 49.5 40.5 30.8 2i.n IS.S 
rind the empirical equation oonneolingp and it. 

SuQGESTioN. Since the curve obtained from the given pairs of values of 
p and « resembles one of the hyperbolas of the system y = C*", plot the values 
of log p and log V and fit a straight line to the plotted points. The equation 
sought ispr'* = 497.7. 

EXERCISES 

1. If ( represents the length of a steel bar and t represents temperature, 
find the equation connecting I and ( from the following observations : 
I = 1 1.0004 1.0008 1.0012 1.0016 1.0024 1.0040 



q = 7.000 7.600 7.940 8.420 8.680 9.040 
3. Sliow that the following set of corresponding values ai 
n of the form y — ab'. Find the values of a and 6, 



4. The following set of observations represents the deflection data, beam 
of length L. Find the equation connecting d and L. 

i= 12 16 20 24 28 32 30 40 
d= .17 .043 .085 .145 .220 .342 .512 .713 
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5. Find the equation connecting u and b from the following 
sponding values : 



140. Type y = a + 6a; + cas^ + dx^ -i h kx". Wlien a given 

set of corresponding values will not satisfy, in a satisfactory 
manner, any of the type-equations 1 to 7 (Art. 137), the general 
equation 

y = a + bx + (xi^ + da?-i 1- to- 

may be assumed. By substituting pairs of corresponding values 
in this equation, the values of the constants a, b, c, ■■■ fc can be 
determined and may often be so adjusted that the locus of the 
resulting equation wilt represent the function to a fair degree of 
approximation within the limits of observation. 



1. Sliow that the following set of corresponding values satisfy an equation 
of the form y ~ a + bx + ex'. Find the values of a, b, c-. 

x^ & 23 3S 53 63 
S)=10 19 27 33 36 

2. Find an equation of the form ji = a + 61 + cx'^ which will be satisfied 
by the corresponding values of angle and wind pressure in Example IV, 
Art. IS^. Why is the equation found in this way not as satisfactory as the 
equation found in Example IV ? 
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PART II 

SOLID ANALYTIC GEOMETRY 



CHAPTER X 



SYSTEMS OF COORDINATES 



141. Rectangular and oblique coordinates. As has been said, it 
requires one number to locate a point on a line and two numbers 
to locate a point in a plane (Art. 4). To locate a point in space 
it requires three numbers, 
called the coordinates of the 
point. These coordinates 
may be chosen in several 
different ways ; any par- 
ticular way of choosing 
them gives rise to a system 
of coordinates. Thus (Fig, 
117), let OX, or; and OZ 
be three linear scales hav- 
ing a common origin O and 
not lying in the same plane. 
They determine in pairs 
three planes XOT, YOZ, 
and XOZ, called the coor- 
dinate planes. If through any point in 'ip^ e as P thiee planes 
are drawn parallel to the co6rdinate pKnes tlej intersect the 
hnear scales in the points D, E, and F The distances x = OD, 
y = OE, and z = OF are the Cartesian coordmates of the point P. 
The linear scales OX, OY, and OZ aie called the Y I and Z- 
axes, respectively. The coSrdinate planes XOT, XOZ, and YOZ 
are called the XY-, XZ-, and Y2-pUnes, respectively. The sys- 
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tern of coordinates thus set up is called, the Cartesian system of 
coordinates. 

"When the axea, OX, OY, and OZ are mutually perpendicular, 
the system of coordinates is called rectangular or orthogonal. If 
the axes are not mutually perpendicular, the system is called 
oblique, Trom the definition of the coordinates of a point, and 
the definition of a linear scale, it follows that, in the Cartesian 
system of coSrdinates, to each point in space there corresponds 
one set of values of x,y,z; and to each set of values of x, y, z 
there corresponds one point in space. 

EXERCISES 
(In the following exercises, take the axes to be mutually perpend ieular. 
CroBg-aeetion paper may tie used.) 

1. Plot to scale the following points, tlie coordinates being always written 
in the order (a:, y, z) : 

(1,1, I), (2, 0, S), (-4,-1, -3), (-4,2, 8), (0,0, 2), (1, -3, 0). 

2. Find the distance between the points (1, — 2, 3) and (— 1, 2, — 2). 

3. Where are the points located for which x — O? y=:0? z = 0? What 
are the equations of the coordinate planes ? Where are the points located 
for which x = a; y=h; s = cP What are the equations of the planes 
parallel to the coordinate planes ? 

4. Where are the points located for which a: = and i; = ? for which 
x = a and j/ = 6 ? for which x — y? for which a = ?/ = z ? 

5. The points (2, 2, 3), (2, 4, 3), (4, 2, 3), and (3, S, 2) are four of the 
vertices of a parallelopipedon. Find the coordinat«H of the regaining four 
vertices. Is there more than one solution to this problem ? 

142. Spherical coordinates. Let OX, OY, OZ (Fig. 118) be a 
set of rectangular axes, and P any point in space The distince 
OP ~ r, the angle ZOP — 0, and tlie angle which the pline ZOP 
makes with the fixed plane XOZ = ^ are the spherical coordinates 
of the point P. They are written in the order (r 6 if>) 

If the point P is on the surface of the earth then is the co- 
latitude and </> is the tongititde of P. If P is on the celestial 
sphere, then $ is the co-dedination and (j> the right asceiisimi of P 
If Z is the zenith, then 9 is the zenith distance and <t is the 
azimuth of P. 
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143. Cylindrical coOrdinaWs, In '. 



. 118, let OD^r^, the 



angle XOD = </,, and DP = i 
nates of P. Again, let a, 
fi, y denote the angles which 
0P= r makes with the X-, 
Y; and ^-axes, respec- 
tively ; then (r, a, fi, y) are 
the polar coordinates of P. 

Spherical coordinates and 
cylindrical coordinates are 
modifications of polar co- 
ordinates in apace. Each 
is in common use and each 
has its adyantages. Spher- 
ical coordinates are espe- 
cially useful ill astronomy 
and in geodetic surveying. 



{/, <f>, z) are the cylindrical coSrdi- 




1. Usins Fig. 118, show that the rectangular coordinates of P and the 
aplierical coordinates o£ F are connected by the following formulas ; 



Conversely, show that 



tan^=^- 

2. What are the formulas connecting the rectangular coordinates of P 
with the cylindrical coordinates of P ? 

3. Will a giyen set of integral or fractional values of r, B, ip or of r', *, z 
locate one and only one point m space ? Does a given point in space have 
more than one set of polar corirdmates ' 

4. Locate the points whose spherical coordinates are; (3, 30°, 00°), 
J2, -, jrV (1, 45°, 45°) Find tlie rectangular coordinates of these points. 
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5. Find the spherical coordinates and aJso the cylindrical coordinates of 
the following points: (2, 3, 4), (3,8, -2), (-1, - 2, 1). 

6. Where are the points located for which 
6 = const. ? for which ^ = const. ? for which ?■' = eoi 

7. Where are the points located for which B — con 
which ip = const, and r = const.? for which r= cor. 
which r' = const, and a = const. ? 



^ const. ? ft 


jr which 


and * = CO 


nst. P for 


. and e == cc 


>nst.? for 
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CHAPTER XI 
DIRECTED SEGMENTS IN SPACE 

144. Projections upon the coordinate axes. As in plane geome- 
try, we sliall call a segment of a straight line to which a t^irection 
has been attached, a directed line-eegment, or simply, a directed 
segment. If 7*Pj is a 

directed segment, then 
J'l is called the initial 
point, and Pj, the termi- 
nal point. 

If planes are drawn 
through the initial and 
terminal points of a di- 
rected segment and per- 
pendicular to each of the 
coordinate axes in turn, 
these planes will deter- 
mine upon ; each axis a 
segment called the pro- 
jection of the given di- 
rected segment upon that 
and Pj =(x2, y^, Zj); then we have 

projection of PiF^ upon the X-axis = x^ — Xy 
projection of P^P^ upon the Y-axis = 3/2 — yi- 
projection of P^P^ upon the 2J-axis = Sj — z^. 

145. Length of segment. A segment PiP^ is the diagonal of a 
rectangular parallelepiped whose edges are the projections of the 
segment upon the coordinate axes. Hence, we have 

P,-P, = V(x. -«,)■+ (I/, -!/,)"+(2.-^i)'- 




In Jig. 119, let P, =(x„ y„ z.) 
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EXERCISES 

1. Pind t±ie lengths of tbe following segments and their projections upon 
tie co&rdinate axes. 

(a) (1,2,3),(,-2,1,1); (6) (0, 0,0), (2,0, 1) ; (c) (3, -2, 0). (2, 3, 1) ; 
(<i) (0,4, 1), (-3, -1,-2); («) (0,8,0), (3, -1,0), 

2. A straight line five units in length has one extremity at the origin and 
is equally inclined to the coordinate axes. Tind its projections upon the axes. 

3. The initial point of a directed segment is at the point (3, 2, — 1) and 
its projections upon the X-, T-, and Z-axes are respectively 4, — 6, and — 2. 
Bind the coordinates of the terminal point and construct the figure. 

4. If the terminal point of a directed segment is (—1, 3, 5) and its pro- 
jections upon the X-, ¥-, and Z-axcs are respectively — 2, 3, and — 6, what 
are the coordinates of the initial point and the length of the directed segment? 

14G. Direction angles and direction cosines of a directed segment. 
The angles which a directed segment makes with the positive 
directions of the coordinate axes are called the direction angles of 
tlie segment. The cosines of the direction angles are called the 
direction cosines of the segment. 
Through P, draw lines paral- 
lel to the axes ; i.e. the lines 
P,X', P,T, P,Z' (Fig. 120). 
The direction angles of P^P^ 
are then, „— x'P P 
^ = Y-PjP^ 
y = Z'P,P^. 
It I is the length of P^P^, 
then the direction cosines are 
given by the equations: 
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147. Relation connecting the direction cosines of a segment. 
Theokem. Tlie sum of the squares of the direction cosines of any 
t is equal to unity. 
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For let I be the length of any segment. Then (Art. 145), we have 

Dividing by l^, we obtain 

1 =fe-_£iV^/' y^- yi Xj-fb^^Y. 



or eos^ a + cos' ji + cos'y = 1. 

EXERCISES 

1. Find the leugth and the direction cosines of ea«h. of the following 
Eegments: 

Pi = (4, 3, -2). P3 = (-2, 1, -0); PiS (4, 7, -2), Pi^(B, 5, -4); 
Pi= (3, - 8, 6), P2= (6, - 4, 6). 

2. Find the lengths and the direction cosines of each aide of the triangle 
whose vertices are the points (S, 2, 0), (— 2, 6, 7), and (1, — 3, — 5), the 
sides being taken in the order given. 

3. Given the direction cosines of the segment PiFa ; what are the direc- 
tion cosines of the segment PjPi ? What is the direction of a segment when 
co8a=:0? when cos|3 =0? when cos7 = 0? when oos« = cosp = 0? when 
cos a = cos 7 = 0? when cos ^ = cos 7 = ? 

4. A segment is five units long and its initial point is (— 3, 1, — 3). If 
cos a = J and cos j3 = 1, find the cobrdiaatea of the terminal point and the 
projections upon the axes. There are two solutions, find each of tiem and 
construct the figure. 

5. Show that the direction cosineB of each of the lines joining the points 
(4, - 8, 6) and (- 2, 4, - 3) to the point (12, — 34, 18) are the same. How 
are the points situated ? 

6. Find the direction angles of the segment drawn from the origin to 
the point (8, 6, 0). From the origin to the point (2, ~- 1, —2). 

7. Show by means of direction cosines that the three points (3, — 2, 7), 
(6, 4, — 2), and (5, 2, 1) lie on a straight line. 

8. If two of the direction angles of a segment are - and - , what is the 
third? 

9. Show that the numbers 3, — 4, and — 2 are proportional to the di- 
rection cosines of the segment joining the origin to the point (3, — 4, — 2). 

10. Show that any three real numbers «, 6, and c are proportional to the 
direction cosines of the segment joining the origin to tlie point (a, 6, c). 
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s of segments so ar- 
3 the initial point of the 
;he initial 



14S. Projection of a segment upon any line. Let PiP^ be any 

,, and AS any line in space. Through the extremities of 
the segment draw 
planes perpendicu- 
lar to AB. These 
planes determine a 
aeginent CD upon 
AB which is called 
the projection of 
P,P^ upon AB. 
Through P^ draw 

a line parallel to AB, meeting the planes in the points Pj and Q. 

Let represent the angle P^PiQ ; then 

CD =P,Q = P,P^ cos 0. 
149. Projection of a broken line. A 

ranged that the terminsil point of each 

next following and the terminal point of the 

point of the first, constitutes a closed line, or polygon, in space. 

The sum of the projections of the sides of a closed line upon any 

line in spaee is clearly equal to zero. It follows from the fore- 
going property that : 

Thbobem. The sum of the projections of a series of segments 

joining the point A to the point B, upon any straight line in space, is 

equal to the projection of 

the segment AB upon that 

line. 

For, the succession of 

segments AP^, P,P„ 

PjPa ■■■ BA forms a 

closed line, and hence the 

sum of the projections of 

its sides upon any line is 

equal to zero; i.e. the 

sum of the projections of 

the aides of the broken 

line joining .4 to B is equal to the projection of the straight line 

joining Ato B. 
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150. The angle between two eegmenta. When two Segments 
do nob intersect, the angle between them is defined to be the 
angle between two intersecting segments drawn parallel to, and 
agreeing in direction with, the given 
segments. 

To find the angle between two 
given segments in terms of their 
direction angles, let ij and l^ be the 
lengths, and Oj, ff„ y, ; Oj, ^j, y^, their 
respective direction angles. From 
the origin draw two segments, OP 
and OQ, having lengths and direc- 
tion angles equal respectively to the 
lengths and direction angles of the 
given segments (Fig. 123). By defi- / 
nition, 6 = POQ is the angle to be T' 
found. Let the coordinates of P be ^^"^ ^^ 

x=OD,y = T)E,a,nAs = EP. Now, 

by the preceding article, the projection of the broken line ODEP 
upon OQ is equal to the projection of OP upon OQ. That is, 

?i cos ^ = a; cos Oj + ^ cos fi^ + z cos y^. 
Dividing through by 1.^ and 



cos e =^ cos Hj COH Bg + COB Pi cos ^2 + e«S Yj COS Yg- 

We will assume that the angle between the given segments is the 
smallest positive angle satisfying this equation ; that is 



151. Perpendicular segments. Parallel segments, 
(a) Two segments are perpendicular to each other if 

cos a, cos (c^ + cos fi, cos ^^ + cos y, cos y^ = 0. 

For then cos fl = and therefore d = 90°. 

(&) Then segments are parallel and extend in, the same direction if 
their direction angles are equal, each to each. 
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For then the expression coaaiCOS«s+cos ^iCOSySj+cosyi cos yj 
becomes cos" «i + cos' ^| + cos^ 71 = 1 (Art. 147). Therefore, in 
this case, cos 0=1, and $ = 0°. 

(c) Two segments are parallel and in (^posite directions if their 
angles differ Ify 180°, each from, each. 



Hence the expression cos a, cos a, + cos ft cos ^2 + cos y, cos y^ be- 
comes — (gos' «i + cos^ ^1 + cos' 7,) = — 1. Therefore cosfl= — 1, 



EXERCISES 

1. Find the angle betwecii two segments whose direction cosines are as 
follows ; 

(a) ?,?,-? and ?, - f, ^ ; (b) |, - |, i and ^, f, J ; (c) ^ - j, | 
and - ;^j, ^%, if 

2. Show that the lines whose direction cosines are J, ^, | ; — !, f , — J ; 
and — |, I, I are mutually perpendicular. 

3. Show that the points having the coiirdinates f — 6, 3, 2), (3, — 2, 4), 
(5, 7, 3), and (— 18, 17, — 1) are the vpTtices of a trapezoid. 

4. Show that the points (7, 3, 4), (1, 0, 6), and (4, 5, - 2) are the ver- 
tices of a right triangle. 

5. Show that the points (7,2,4), (4, -4, 2), (9, - 1, 10), and (fi, -7,8) 
are the vertjces of a Bq^ifere. 

6. Prove that if the direction angles of two segments are supplementary, 
each to each, the segments are parallel and in opposite directions. 

7. rind the length of the projection of the segment Pi~ (3, 2, — 6), 
Pj s (— 3, 5, — 4) upon the line drawn from (1, 2, 3) to (8, 3, 1). 

8. Find the length of the projection of the segment J*i = (6, 3, 2), 
I'2 = (4, 2, 0) upon the line drawn from (7, — d, (t) to (— 5, — 2, 3). 

153. Point dividing a given segment in a given ratio. Let P be 

a point on the segment Pi-Pj situated so that ■ ' ■ = r, a given 

P,P _ r Through P draw 

planes perpendicular to the coordinate axes. These planes divide 
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Z the projections upon the axes in exactly the 
same ratio as P divides the segment ; that is 



P,P. 7AA EjE^ >|i^2 r + 1* 



= OB, + A A rrr 




S\ibstituting, we 
'X have 

••TT' 

Similarly, we obtain 



^■+1 



EXERCISES 

1. Find the coordinates of the point dividing tlie segment joining tlie 
following points in the given ratio r. 

(a) (3, 4, 2), (7, - 6, 4), i- = 2. (6) (7, 3, B), (2, 1, 2), r = i. 

2. Show that the coordinates of the point bisecting tlie segment 
f gi Vi + m zi + Sa , 



(J^i, Vi, 3i)i (.Xi, Vi, Si) a: 



3. Find the coordinates of the polnte which 

4. Show that tlie medians of the triangle whose vertices ari 
(1, 1, 0), (2, -1, 1), and (3, 2, - 1) meet in the point (2, |, 0). 



thesogniont (1, —2,4), 
the points 
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5. Show that the medifms of any triangle meet in a point. 
SuooBBTiON. Let the coordinates of the vertices be (jti, j/i, z,), (xj, ^2, jj), 

and (^3, ys, sj) . The mediaws meet in the point 

3 ' 3 ' 3 ■ 

This point is the center of gravity of the triangle. 

6. Show that the lines joining the middle points of opposite edges of a 
tetrahedron pass through the same point and are bisected by that point. 

7. Show that the lines joining the vertices of any tetrahedron to the 
point of intersection of the medians of the opposite iace meet in a point 
which is three fourths of the distance from each vertex to the opposite face. 
This point is called the center of gravity of the tetrahedron. 

8. Find the ratio in which the point (2, — 1, 5) divides the segment 
(i, 13, 3), (3, 6, 4); the pomt (2, ~ 2, -6) divides the segment 
(4, _5, -12), (-2, 4, 6); the point (2, 1, 4) divides the seg- 
ment (-3, 4, 2), (7, -2, 6). 
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CHAPTER XII 
LOCI AKD THEIR EQUATIONS 

153. Surfaces and curves. In space there are two kinds of 
loci to be considered. If a point moves according to a given law, 
it will, in general, describe a surface. Thus, if a point moves so 
aa to be always at a given distance from a fixed point, it will 
describe a sphere whose center is the fixed point and whose radius 
is the given distance. 

If a point moves so aa to satisfy simultaneously two independ- 
ent laws, it will, in general, describe a line, straight or curved. 
Thus, if a point moves so as to be at a fixed distance from the 
point A and at the same time at a fixed distance from the point 
S, it will describe the circle of intersection of the two spheres 
whose centers are at A and B and whoso radii are the given fixed 



154. Equations of loci. When the law governing the motion 
of a [joint is expressed in terms of the coordinates of the point, 
the resulting equation is called the equation of the surface de- 
scribed by the point. The surface is called the locus of the 
equation. 

Similarly, when a moving point is governed by two independ- 
ent laws and these laws are expressed in terms of the coordi- 
nates of the moving point, the resulting equations are called the 
equations of the curve described by the point The curve is called 
the locus of the equations. 

As in plane geometry, two fundamental problems arise ; Pirst, 
given the law (or laws) governing the motion of a point, to find 
the equation (or equations) of the locus ; and second, given the 
equation (or equations), to find the properties of the locus. These 
problems will be illustrated in the succeeding pages. 
207 
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155. The sphere. Let (7^ (a, ft, «) 
be the center of a sphere whose 
radius is r, and P= (x, y, z), any 
point on the spheie. The length 
of CP is then, 

r = V(x-ay + {y-by+{^-cy. 
Hence, the equation of the sphere 



When the binominal squares are expanded, the equatic 

the form . ~ , ■ -^ ^ r. ^ 

x^ + f + i:' + Ax + By + Cz-\-D^ 0, 



(1) 
L has 

(2) 

lending upon the coor- 

a sphere. 



where A, S, C, and D are constants 
dinates of the center and the radius. 

Conversely, an equation of the form (2) 
For it can be written in the form 

and hence represents a sphere whose center is f ——, — —, - 



and whose radius is \/- 1 1 — IJ. 

* 4 4 4 

The sphere is real, ao long as the expression under the radical 
is positive ; it will be a null-sphere, or a point, when the expres- 
sion under the radical is zero; and it will be an imaginary sphere 
when the expression under the radical is negative. 

EXERCISES 

1, Write the equation of a sphere wliose center is (5, — 2, 3) and whose 
radius is 1 ; also of a sphere whose center is {2, — 3, — 6) and which passea 
through the origin. What is the equation of a sphere whose cenler is on the 
Z-axis, has the radius a, and passes through tlie origin ? 

2. Which of the following spbeiea are real, which are null-spheres, and 
which are imaginary spheres ? Find the center and radius of the real spheres. 
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(a) x" + f + 2^^2x + <jy - 8z + 22 = 0. 
(&) x^ + i^ + ^^ + mx-iy + 2s+5 = 0. 

(c) x^ + y^ + s^ + 4x +-4y + & z + 1 = 0. 

(d) a? + ^ + z»+dx = 0. 

(e) 3^ + ^ + ^ + 4x + y + 5!! + 21=0. 

3. Find the equation of tlie spliere passing through the four points 
(0, 0, 0), (2, 8, 0), (5, 0, 15), (- 3, 8^ 1). 

SrraeESTioN, Substitute tlie coordinates of the given points in equation 
(2) and solve the resulting equations for the unknown ooeflicients A, B, 
CD. 

4. Find tie equation, of the sphere passing through the four points 
(2, 5, 14), (2, 10, 11), (- 2, 5, - 14), (2, _ 10, - II). 

5. Find the equation of each of the two spheres whose center is at tlie 
origin and which touch the sphere 

x^ + y^ + z^-Sz-iiy + 2ie + i6=0. 



156. Surfaces of revolution. When a 
rotated about the X-axis, it describes 
Every point on the curve, as Q, 
describes a circle whose plane is 
perpendicular to the X-axis and 
^vhose radius is the ordinate DQ. 

Let the coftrdinates of Q be 
on = X and I)Q = z', and the 
equation of the curve MQB he 
f(x, s')=0. Now 

Hence, we have the following 
conclusion : 



urve in the XZ-plane is 
, surface of revolution. 




Fig. 126 
'( the equation f(x, /)= l>y Us 



To find the equation of the 
face iHeseribed by MQR, repli 
value ViS^ + /. 

By a similar consideration we may find the equation of a sur- 
face of revolution obtained by rotating a given curve about either 
of the other ases. 
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EXERCISES 

1. Find the equation o( the ellipsoid obtained by rotating the ellipse 
— ^ — - = 1 about the X-axis. The ellipsoid of revolution is called the pro- 
late spheroid when o > 6, and the oblate spheroid when a < 6. Explain, 
by familiar examples, the difference in form. 

2. Find the equation of the paraboloid of revolution by rotating the 
parabola z'^ = ipx about the X-axis. 

3. If the hyperbola — — — = 1 and its conjugate — = — 1 are ro- 
tated aliout the X-axis, how will the two surfaces obtained differ? Find 
their equations. The first is called an hjrperboloid of two sheets and the 
second, an hTperlwloid of one sheet. 

4. Show that if a curve in the Xr-plane, whose equation is f(x, ^) = 0, 
Is rotated about the X-axis, the equation of the resulting surface is found by 
replacing j/ by -\/y'' + z^ ; and if the curve is rotated about the F-axis, the 
equation of the resulting surface is obtained by replacing x by Va:'^ -|- 2^. 

5. What is the equation of the surface obtained by rotating the parabola 
9* = ipx about the X-axia ? about the y-axis V How do the two surfaces 

157. Cylinders. Tf a straight line moves so as to be always 
parallel to one of the coordinate axes and, at the same time, 
intersects a curve lying in the plane of 
the other two axes, it describes a cyl- 
inder whose equation is the same as the 
equation of the curve. For, suppose the 
moving line is always parallel to the Z- 
axis and meets acurve in the XK-plane ; 
then the x- and ^-coordinates of any 
point on this line will be the same as the 
X- and )/-ao6rdinates of the point where 
the line meets the curve, and will conse- 
quently satisfy the equation of the 
curve whatever be the value of z. Moreover, the a> and ^-co- 
ordinates of a point not on the cylinder cannot satisfy the equa- 
tion of the curve. Therefore the equation of the curve, re- 
garded as the equation of a locus in space, represents a cylinder 
parallel to the Z-axis. Similarly we may obtain the equation 
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of a cylinder parallel to any other axis. Hence, we have the 
conclusion : 

Any equation in two of ike three variables x, y, z represents a 
cylinder parallel to one of the coordinate aaies. 

EXERCISES 

1. The following equations represent loci in apace. Interpret them and 
draw the figures, (a) ^> + S = ^! C") ^^ ~ ipx; {c) 3 + 3^ = 8, 

2. A point moves so as to satisfy simultaneously the two equations 
— |- " = 1 and " + - = 1. Plot its locus in space. 

i satisfy simultaneously tlie two equations 
)t its locus in space. 



3. A point move 


sso 


s^ + 9==4and^ + ? 


'--^ 


4. Show that a pi 


lint 


equations 3 * + 2 y = 


6,5 



158. The right circular cone. When the straight line z = mx 
is revolved about the X-axis, it generates a right circular cone 
whose vertex is at the origin and whose axis is the X-axis. Every 
generator of the cone makes an angle with the axis whose tangent 
is m. By Art. 156, the equation of this cone is 



15ft. Plane sections of a right circular cone. Let APB (Fig. 128) 
he the cnrve common to the cone and any plane, as AFPB. In- 
scribe a sphere in the cone touching the cutting plane at F, and 
the cone along the small circle LES. The cutting plane and the 
plane of the circle meet in the line DDi- Through P, any point 
of the curve APB, draw the generator of the cone VP, meeting 
the small circle in A'. From P drop the perpendicular PK upon 
the plane LES, and draw PM perpendicular to DOi- The angle 
PRK^ a is the angle between the cutting plane and the plane 
LBS and is therefore constant for all positions of P. The angle 
PEK= ^ is also constant for all positions of P. The lines PF 
and PE are equal in length, since they are tangents to the sphere 
from an external point. Hence, 

PF ^PE ^PK , PK ^ sin a . 

PR PR PR ■ PE sin^' 
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and the curve APB is therefore a conic having one focus at F, 
the corresponding directrix being DDi (Art. 94, property A). 

The conic will be an ellipse when « < ^, a parabola when 
a = l3; i.e. when the cutting plane is parallel to one of the 
generators of the cone, and an hyperbola when « > ^. In the 
figure, ce is less titan /3 and the section of the cone is therefore an 
ellipse. 

EXERCISES 

1. The equation of a right circular cone in spherical coordinates is fl=oonst. 
By means of the relations, Art. 143, exercise 1, transform this equation to 
rectangular coordinates. 

2. Rotate the straight line | + - = I about the Z-axis and thus obtain the 
equation of a right circular cone whose vertex is at the point (0, 0, 3). 

3. From Fig. 128, stow how to Jocate the second focus of tiie section of 
the cone and its corresponding directrix. 

4. The cone in example 2 is cut by a plane parallel to the T-axia and 
meeting the J'Z-plane in the line - + - = 1- Find the co5rdinates of the 
foci of tlie ellipse which this plane cuts from the cone. 



5. The equation ^ + 1^ — 5^ = represents a right circular c 



Write 
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THE PLAITE AND THE STRAIGHT UKE IM SPACE 

160. The normal form of the equation of a plane. Let p denote 
the length of the perpendicular from the origin to the plane, and 
a., /3, y, the direction angles of this perpendicular. If i is the foot 
of the perpendicular, then any point, as P, will be in the plane if 
the angle OLP'is a right angle; i.e. if the projection of the segment 
OP upon OL is equal to^i. But the projection of OP upon OL 
is equal to the projection of the 
broken line ODEP upon OL 
(Art. 149). Let the coordinates 
of P be OD = x, DE = y, and 
EP=z; then 

a;C09a-f yc08P + SCflS7=i» 

the \ at' gilt. 

It 11 d tl normal 

f rm f th J at i be- 



t f th p p ndie- 

la f mth n 

It follows that the 
equation of a plane is of 
first degree in the vari- 




e in the variables 



We shall now show 
that, conversely, every equation of the first 
X, y, z, is the equation of a plane. 

For, let 

^a; + By + C& + Z) = (2) 

be any equation of the first degree in x, y, and z. Now if the 
coordinates of a point P satisfy this equation, they will still sat- 



Hosted by 



Google 



214 THE PLANE [Chap. XIII, 

isfy it after eauh of the coeffteients A, B, G, D is multiplied by 
any constant h. The constant k can be chosen so that the equa- 
tion kAx -\- TcBy + kCz = — kD will coincide with equation (1), 
term for term; that is, so that 

hA = cos a, 

kB^ cos p, 

kO — cos y, 

kD = -p. 
Squaring and adding the first three of these equations, we ha^e 

kXA' + B^+C'') = l; (Art. 147) 
and therefore k = ' . In order that p may be 

positive, the sign of the radical must be opposite to the sign of D. 
With this value of ft, equation (2) agrees in form with equation 
(1) But (1) is the equation of a plane; therefore (2) is the equa- 
tion of a plane for which 



'/?= 


± VA' + B^ + C" 
B 


± VA' + B' + C^ 

c 


p = 


±Va' + b' + C' 

-~D 



The distances from the origin to the points where a plane 
meets the coordinate axes are caJled the intercepts. The lines in 
which a plane meets the coordinate planes are called the traces. 

EXERCISES 

1. Construct the planes and find their equations, for which («) a = -, 

j3=|,7-~,P=4i (6)«=^,3 = ^,-v = |,i'-6; (c) COS «: cos 3: cos 7 
= e : - 2 : 8, J» = 8 ; (d) COS a : COS ^ : COS v = - 2 : - 1 : - 2, p = 6. 

2. Find the equation of the plane such that the foot of the perpendicular 
from the origin to the plane is the point (a) (3, -2, 6)i (h) (2, -6, 1); 
(c) (3,4,-2), 
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3. Reduce the following equations to normal form and find a, ^, y, and p. 
(a) 6x-3y + 2s-7 = l). (6) x-\^y + z + %=0. 

(<:) x-iy-2z-3 = 0. (d) a!-2j/-3 = 0. 

4. Find the intercepts aud equations of the traces of the following planea. 
(a) 2* + 5s-3£_4=.0. (6) x-y-^ + 10 = 0. (c) 3k-!/ + z=0. 

5. Find the area of the triangle which the coBrdinate planes cut from the 
plane 2x + 2y + !^-12 = 0. 

161. Intercept form of equation. Let the x-, y-, and a-intereepts 

of a plane be a, b, and c respectively ; then (Fig. 126) the plane 

passes through tlie three points A = (a, 0, 0), B =(0, b, 0), and 

C = (0, 0, c). Since the equation of the plane is of the form 

Ax-i-By+Cz + D^O, 

this equation must be satisfied by the coordinates of the points 

A, B, and G. Hence, , „ „ 

' Aa + D =0, 

Bh + D = Q, 

Cfc + O = 0, 

from which A = -~, B = --, -. 

a b 

reducing, the required equation is 



1 62. Equation of a plane through three given points. If a plane 
is required to pass through three fixed points, the co6rdiiiates of 
these points must satisfy the general equation 
Ax + Bp-\-Cz+l> = 0, 

and there are thus three equations from which f« determine three 
of the unknown coefficients A, B, C, I) in terms of the fourth. 
Substituting the three coefScients thug determined in the general 
equation gives the equation of the plane through the three given 
points, 

EXERCISES 

1. Write the equation of each of the planes having the following inter- 
cepts and find the length of the perpendicular from the origin upon each ; 
(a) 3, 1, 2. (b) - 1, -2, 3, (c) 4, - 2, 5. (d) - 5, 2, - 3. 
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2. Find the equation of tiie plane passing through the points (1, 0, 2), 
(0, a, 4), and (— 1, 5, 0). Find the intercepts and the perpendicular from 
the origin. 

3. Why will not the three points (1, 1, 2). (3, - 1, 8), and (B, - 8, 4) 
determine a plane ? What are the direction cosines of the segments which 
join the first point to each of the other two ? 

4. From each of the points (2, 3, 0), (~ 2, - 3, 4), and (0, 6, 0) drop 
perpendiculars to the XZ-plane. What are the coordinates of the feet of 
these perpendiculars ? What is the area of the triangle formed in the XZ- 
plane ? Drop perpendiculars to each of the other coordinate planes and 
compute the areas of the triangles formed in each. These triangles are 
called the projections of the space triangle upon the ooSrdinate planes. 

163. Determinant fonn of the equation. If a plane is required 
to pass tlirough three given points (x„ y^, z^), (xj, y^, z^, and 
(3!j, y^i %), the general equation 

Ax + By + Cz + D^a (1) 

must be satisfied by the coordinates of these points. Hence the 
following equations hold, 



Ax^ + By^ + Cz^ + 1) = % 


(2) 


Ax^ + By^-{-CX + D=^0, 


(3) 


Ax^ + By^ + Gz^ + D^(}. 


(4) 



But in order that the four equations (1) to (4) may be satisfied 
by other than zero values of A, B, C, and D, it is necessary and 
sufficient that the determinant of their coefficients shall vanish ; 
that is, we must have 



This equation is of the first degree in the variables x, y, z; and 
it is clearly satisfied by the coordinates of the given points. 
Therefore it is the equation of the plane passing through these 
points. 
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EXERCISES 

1. Using the determinant form, find the equation of the plane which 
passes through the points {2, 3, 0), (- 3, - 3, i). and (0, 6, 0), 

2. In the same way, find the equation, of the place passing through the 
points (1, 1, - I), (~ 2, - 2, 2), and (1, - 1, 2). 

3. Show that the direction cosines of the normal to a plane passing 
through three given points are proportional to the cofaotors corresponding 
to X, y, and z in the determinant form of its equation. 

4. Show that the cofaotors corresponding to x, y, and z are proportional 
to the areas of the projections of the triangle whose vertices are (s:i, ji, si), 
(xi, y^, 2i), and (ij, y^, 2a), upon the cofirdinate planes. 

164. Perpendicular distance from a plane to a point. Given the 
equation of the plane ABO and the coordinates of the point 




Pi = (!i;i, Tji, e,), it is required to find the length of the perpendio- 
ulaf DP,, where i) is a point in the plane ABC and P, lies oittside 
of this plane. If the equation of the plane is not in the normal 
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218 THE PLANE [Chap. XIII. 

form, reduce it to that form (Art. ItiO) so that the equation is 

X cos a + 1/ cog ^ + s cos y — '^ = 0, (1) 

where the liirection angles and the perpendicular are known. 

Let cl be the length of the required perpendicular, so that the 

projection of OPi upon ON is equal to p + d. But this projection 

is equal to the projection of the broken line OEFPi upon Oif. 

Hence, 

p + d — Xi cos K + iJi COB p-^Zi cos y, 

or rf = xi cos a + 1/1 COB p.+ si cos 7 — p. 

The length of the perpendicular is therefore equal to the result 
of substituting the coordinates of the given point in the left 
member of (1). The result of the substitution will be negative if 
the point lies on the same side of the plane as the origin; and 
positive if the point and the origin are on opposite sides of the 
plane. 

EXERCISES 

1. !Fmd the distance from tlie plane Sa; — Sj/-)-2z — 10 = to the point 
(4, 2, 10). rromtheplane43;4-3;/ + 12 s + 6 = to the point (9, -1, 0). 
State if the point and the origin are on the same side, or on opposite sides, of 
the plane. 

2. Find the length of the altitude of the tetrahedron from the veitex 
{2, 0, 1) to the plane of the vertices (0, 6, - 4), (0, 3, 1), and (2, - 7, 1). 

3. The K-and ^-intercepts of a plane are 3 and 4, respectively, and the 
plane touches a sphere whose center ia at the origin and whose radius is 
2. Find the equation of the plane. 

4. Find the volnrae of the tetrahedron whose vertex is the point (5, 5, 6) 
and whose base is the triangle cut from the plane x-\- "iy -\-h^ — Id — d 
by the cobrdinate planes. 

5. Find the volume of the tetrahedron whose vertices are (3, 4, 0), 
(4, — 1, 0), (1, 2, 0), and (6, — 1, 4). Of the tetrahedron whose vertices 
are (3, 0, 0), (0, 1, 0), (0, 0, 5), (6, - 2, 4). 

6. Find the locus of points which are equally distant from the two planes 
Lc-2g-)-33-4 = 0an(12« + 3;;~-3-5=0. 

7. What is the equation of the locus of a point which is equally distant 
from the origia and from the plane a^ + j^ + e — 1 = 0? 

165. Angle between two planes. The angle between two planes 
ia equivalent to the angle between the perpendiculars to these 
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planes. Let the equations of two planes be 

A,x + B,y + e.s + Z»i = aud A.^ + B0 + O^z + A = 

The direction cosines of the perpendiculars to these pi; 
given ill Art. 160. Hence, Art. 150, we have 

A^A^ + B^B^+ C/X 



± V^i^ + B,^ + C,^ ■ ± -jAi + Bi + C,= 

the signs of the radicals being chosen as in Art. 160. 

It follows from this formula that: two planes will be perpen- 
dicular if, and only if, 

For only then can cos 6 be equal to zero, and consequently 6 = 90°. 
Two planes will be parallel if, and only if, 

A, B, C' 

For only then will the perpendiculars to the planes be parallel to 
each other. 

EXERCISES 

1. The three planes I + j; + -2 = i — !) — 2 2 = 4, and 2 a + y — s = 2 
meet in a point forming a tiihedral mgle rind tlie vertex of the angle and 
the three dihedral angles 

2. Find the equation of the plane which passes through the points 
(0, 3, 0) and (4, 0, 0) and la perpendicular to the plane ix-Gx- z-12 = Q. 

3. Find the equation of the plai e which passes through the point 
(1, 2, 4) and is perpendiculir t t wh uf the planes 2x — iij( — s + 2 = 
nt,Ax — y + 2s-'i = 0. 

4. Find the equation of the plane that is perpendicular to the segment 
joining (3 4 — 1) to ( " 6 1) at its middle point. 

5. Fmd the equiti u )f the plane which passes through the point 
(3, — "i 0) and is parallel to the plane 3a; — y + s — Ei=0. 

160 Penal of planes with a common aria. The system of 
planei ^is'iing through the line of intersection of two given 
planes 

A,x + B,y + C,s + -Di = and A^ + B.j/ -f CjZ + A = 
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is called a pencil of planes with a common axis, or a coaxial pencil. 
The pencil is represented by the equation 

A,x + Byy +C,z + D, + k{A^ + B^/ + C^ + A) = 0, (1) 
where k is an arbitrary constant. For, it is clear that every 
point whose coordinates satisfy both the given equations will 
be a point lying on the locus of (1); and, since (1) is of first 
degree in the variables, it is the equation of a plane. There- 
fore (1) is the equation of a plane passing through the line of 
intersection of the given planes, whatever value is given to k. 

167. Pencil of planes with a common vertex. The system of 
planes passing through the point Pj^(x„ j/j, z,) is called a pencil 
of planes with a common vertex, the point P, being the vertex. It 
is represented by the equation 

A(x-x,)+B(y-y,)+Ciz-zO = 0, 
where A, B, and G are arbitrary constants. For this equation is 
the equation of a plane, whatever be the values of A, B, and C, 
and it is clearly satisfied by the coordinates of P^. Therefore it 
represents a plane passing through P,. 

EXERCISES 

1. A plane passes tlirough tlie point (3, 2, - 1) and is parallel to the 
plane 1 x — y + z — 14 = 0, Find its equation. 

2. Determine k ho that the plane x + ky — 23 — & = shall pass through 
the point (1, 4, — 3). So that it shall lie parallel to the plane 3 a', — 4 y + 2z 
— 5 = 0. So that it shall be perpendicular to the plane 5x — By — z — 2 = 0. 

3. Find the equation, of the plane which passes through the intersection 
of the planes 2x — Sy — z — G = and x + y + z = 5, and (a) passes through 
the point (B, —2, 1); (6} is perpendicular to the plane x ~ y ~ z + 2 = 0. 

4. Find the equations of the planes which pass through the intersection 
of the planes x — y — Sz — i=f) and x + y + dz — S^O, and are perpen- 
dicular respectively to each of the coordinate planes. 

5. Find the equations of the planes which are parallel W the plane 
Gx — 5y ^3z~2 = and which touch a sphere of radius 3 whose center ia 
at the origin, 

6. Find the equation of the plane which is parallel to the plane 
5x—By — 1z — S = (l and such that the point (5,-1, 2) lies midway 
between the two planes. 
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7. Fiad the equation of a plane through the point {2, — S, 0) and having 
the same trace upon the XZ-plane as the plane k — 3^ + 72 — 2=0. 

8. Find the equation of the plane parallel to the plane 

2a+s( + 22 + 6 = 0, 
and forming a tetrahedron of unit volume with the coordinate planes. 

9. Find the equation of the plane parallel t« the plane 

such that the sum of its intercepts is 23. 

10. Find the equation of the plane having the trace 3; + 3^— 2 = 0, and 
forming a tetrahedron of volume J with the coordinate planes, 

168; The equations of a straight line in space. If P,=(a\, y„ %) 
and P.i = (Xi, y„ z^ are any two poiots in space, then the coor- 
dinates of tlie point dividing the segment PiP^ in the ratio 

5£=,,»re(Art. 152), 
J A _ ^1 + rJTa 

~ r+1 ' 

,=t±3=, (1) 



When r is allowed to vary, these equations give the co5rdinates 
of a variable point on the line PyP^ and are, therefore, the para- 
metric equations of the line P^P^, r being the parameter. 

From equations (1), or from the figure. Art. 152, it follows 
easily that 

i^ " ^1 _ y - .Vt ^ g - ^1 , m 

These equations are called the two-point form of the equations of 
the line PiP^. 

Since the direction cosines of P^P^ are proportional to the pro- 
jections upon the coordinate axes (Art. 146), we have, from 
equations (2), 

cos a cos ^ cos y 
These equations are called the symmetric form of the equations of 
the line P,P,. 



Hosted by 



Google 



222 THE PLANE [Chap. XIII. 

As an example, the equations of the straight line through the 
points (3, — 2, 1) and (4, 5, — 6) are, in the parametric form, 
3+4r __- 2 + 5r 





r + 1 


' 


r+1 




Til the two-point 


form, 


they 


are 






^ 


-3_ 
1 


.lt- = - 


-1, 


The direction cos 


lines a 


re coE 

1 


1 

V99' 

EXERCISES 


COS, 



1. Find the equations of'tlie lines joining the following pairs of points ; 
(a) (0, 0, -2) to (3, - 1, 0). (6) (- I, 3, 2) to (2, - 2, i). 
(c) (2,-3,1)10(2,-3,-1). 

2. Ill the preceding exercise, find the coordinates of the points where 
each lino meets the coordiuate planes. 

3. Find the direction cosines of each of the lines in exercise 1. 

4. Find the equations of the line through the point (— 1, 2, — 3) If 

(a) a = 60°, ^=60", 7:^45". 

(6) K = 120", _ (3 = 60'', y = 135°. 

(C) COSK^:^, 0OS^=J COS7-0. 

Show that the given values are possible in each case and plot the line. 

5. Find the equations of the line Ihroi^h the origin and equally inclined 
to the axes. 

169, The projecting planes of a line. The planes drawn through 
a given line and perpendicular to each of the coordinate planes in 
turn, are called the projecting planes of the line. 

Tlie equation of a projecting plane can contain only two of 
the three variables x, y, z (Art. 157). Hence tlie equations of the 
projecting planes can be found from equation (2) or (3) of the 
preceding article, ty neglecting one of the ratios involved. Thus, 
for example, the equation of the projecting plane perpendicular to 
the JCF-plane is 

^—^1 _ n — y\ 
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223 



For this equation represents a plane parallel to the i^axis, and it 
is satisfied by the coerdioates of the points P^ and P^. Similarly, 
the equations of the other projecting 
planes can be found. 

The equation of any plane through 
the given line is, 



\ 



For, this equation is linear in x, y, 
s and is therefore the equation of 
a plane; moreover it is satisfied 
by the coordinates of P, and P^ 
irrespective of the yalue of the 
parameter h. / 

170. The intersection of two p„. ]3i 

planes. If a line is given as the 

intersection of two planes, its equations are the equations of the 
two planes considered as simultaneous equations. Thus, the equa- 
tions 

A,x + BtV + 0,3 + Di = and A^ + B^y + Cj^ + A = U) 
are the equations of the line of intersection of the two planes 
whose equations are those just written. The direction cosines of 
the perpendiculars to these planes are respectively proportional to 
Ai, Bi, C, and A^, B^, C^; and, since the line of intersection is at 
right angles to both these perpendiculars, its direction cosines 
must satisfy the two equations 

jl, cos a + By cos (9 + C, cos y = 0, 
A^ cos a + iJj cos ;8 + C, cos y = 0. (Art. 151) 
Hence, we have 

cos a : cos ^ : cos V = {B.C, - B,C\) : (A.C, - A,C,) : (A^B, - A,B,). 
Therefore the equations of the line of intersection are 



B,C\- 



■ Bfi, A^C, - 
s any point c 



the line. 



-A^r 
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224 THE PLANE 

To find a point on the line, put one of the i 
zero in equations (1) and solve the resulting equations for the 
other two. 

For esample, consider the two planes 

2x + iy + 2z-6 =0, 
and 63^+6I/ + ^ — 16 = 0. 

The direction cosines of their line of 



2 cos a + 4 cos 3 + a ei 
5eos« + 6co8,8 + c( 



To find the coordinates of a point on tlie line, put s = in the equations of 
the planes and solve the resulting equations for x and y. In this way we find 
that the point (2, 1, 0) lies on tha line. Therefore the equations of the line 



EXERCISES 
■G the equations of the projecting plar 



What is the equation of the plsTie passing through this line and through the 
origin ? Through this line and through the point (1, — 2, 5) ? 

2. What are the equations of the line through the point (2, 5, 7) if 
cos« = |, coB/3 = .^,andco37=0? If coaa = J, cos,8 = 0,andcos7 = ^p 
If cos « = 0, cos (9 = J, and cos y = 2^ ? 

3. Find the equations of the projecting planes of the line 

2x — 3y + :^ — 6 = 0, x + y-Sz-l=^0 
by eliminating x, y, and z in tnm from these ec|Uations. 

4. Find the direction cosines of the line 

'i,x + Zy-2ii-\3=f), 3x + 6!f-8«-24 = 0. 

5. Find the coordinates of the points in which the line 

2i4-2s(-32-2 = 0, 431-!; -2-6 = 
meets the coordinate planes. 
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6. Reduce the equations x + 2y + li n — li =0, 3x— 2j(— lOa — 7=0 
to the symmetric form. 

Eliminating in turn x and j; from tlie given equations, we find Ibe equa- 
tions of two of tlie projecting planes to be 

2y+ 1 2 — 2=0 and x — iz — S=0. 

From tlie first, s — ~ '|'~ — ^ ; and from the second, z = x — S. Hence 

2 -7 2' 

from which the sjmmetric form follows at once. 

7. In the same way, reduce the equations 

2x + 2y-3s-2=^0, ix — y — z — Q = 0, 
to the symmetric form. 

8. Reduce the equations x = mz + a and y = m + b to the symmetric 

9. Find the direction cogines of the following lines ; 

(«) iX'5y + 3z = S,4x~6y+s + 9 = 0. 

(6) 23^ + 2+6 = 0, a+32-5=0. 

(c) ■dx-y-2z = (}, Qx-3y-4z + 9 = 0. 

10. What are the equations of the line through the point (2, 0, — 2) and 
perpendicular to the lines 

=l^=3; = l+i and ? = lt+l = M^? 
2 12 8-12 

11. What are the equations of a line through the point (2, 3, 4) if 

171. Intersection of a line with a plane. The coSrdiiiates of 
the point of inter aection of a line with a plane must satisfy the 
eq^uations of the line and also the equation of the plane. Hence, 
to find these coerdinates, solve the three equationa simultaneously 
for X, y, and z. 

When the equations of the line are not given, but the cofirdi- 
natea of two points on the line are known, a more expeditious 
method is to write the equationa of the line in parametric form 
(Art. 168, (1)), auhstitute these values of x, y, and % in the equa- 
tion of the plane, and solve for r, thus determining the ratio in 
which the required point divides the segment joining the given 
points. For example, to find the coordinates of the point in 
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■which the line joining the points (1, —2, 0) and (3, —4, 5) meets 
the plane x — y + iz + 2 = 0, write the parametric equations of 
the line ; vin. : 



and . = -^^, 

and suhstitute theae values of x, y, and z in the equation of the 
plane. In this way we find r = — -^. Hence the point of inter- 
section is (^, -If, -ff). 

The line whose direction angles are a, p, and y will be parallel 
to the plane Ax -\- By -\- Cz -\- D = (1 \i, and only if, 
-d cos « + B cos ^ + C cos y = 0. 

For only then will the line be at right angles to every perpen- 
dicular to the plane. 

The line will be perpendicular to the plane if, and only if, 

A ^ B ^ a 

cos a cos p cos y 

For only then will the line be parallel to every perpendicular to 
the plane. 

EXERCISES 

1. Find the coordinates of the point hi wbich the lino x +iy -{■'iz ~fi. 
J — 32— 7=0 meets the plane 3^ — 2i/-fs + 4 = 0; the coiirdinates of 
the point in wliich the line = ^~ = ^~ meets the plane x + y 

+ 2 — 2 = 0; the coordinates of the point in which the line joining the 
points (2, — 3, 1), (2, — 2, 4) meeia the plane le-j — z — 5=^0. 

2. Show that the line 5^ = lt:zi = £ is parallel to the plane 



. Show that tlie line -- = " = - is perpendicular to the p 
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4. Show that the two straight lines 2 — 3^2^ — 6 = 32 and 4 a; — 11 
= 4y— 13 = 32 meet in a point. Find the coSrdinatea of this point and 
show that the two lines lie in the plane 2s;— 0!/ + 3z + H = O. 

5. Find the equations of the line passing through (1, — 6, 2) and per- 
pendicular to the plane 2x — p + ^z=0. 

6. Find the equations of the line passing through the point (— 2, 3, 2) 
which is parallel to eaci of the planes 3x — y + z = and x— s = 0, 

7. Show that the sis. planes, each containing an edge of a tetrahedron 
and bisecting the opposite edge, meet in a point. 

8. Prove that the six planes, each passing through the middle point of 
one edge of a tetrahedron, and perpendicular to the opposite edge, meet in a 

9. What ia the equation of a plane paseing through the point (1, 3, — 2) 
and perpendicular to the line 



10. Find the equation of the plane determined by the parallel lines 

^+i = S^ZLE=£ and ^^ = y^+± = ^^l. 
S 2 1 3 3 1 

11. Find the equations of the line tangent to the sphere 3? + y'^ + z^ = 9 
at the point (2, —1,-2) and parallel to the plane x + 3y — 5e — 1 = 0. 

12. Whatare the equations of the line passing through the point (2i,^i, a,) 
and perpendicular to the plane .Ab + B^ + Ob + D — 0? 

13. What is the equation of the plane passing through the poiiit 
{xi, yi, 2i) and perpendicular to the line 

x — Xi _ y — y2 _ ^ -zi a 
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CHAPTER XIV 
EQUATIONS AND THEIR LOCI 

172. Second fundamental problem. The two fundamental 
problems of solid analytic geometry were stated in Art. 154. 
The iirst of these has been illustrated in the preceding articles by 
finding the equations of certain well-known loci, such as the 
sphere, the right circular cone, the plane, the straight line. In 
this chapter we shall consider the second fuudamental problem ; 
that is, given an equation in the three variables x, y, z, to find the 
form and properties of the locus, 

173. Construction of a surface from ita equation. The following 
rules serve as a guide in sketching, or constructing, a surface 
from its equation. 

(1) Symmetry. If the equation contains only even powers of 
one of the variables, the surface is symmetrical with respect to 
the coordinate plane from which that variable is measured. For 
example, if the equation contains only even powers of z, and the 
point («, h, o) is on the surface, then the point (a, b, — e) will 
also be on the surface. The XT-plane is then a plane of 
symmetry. 

If the equation contains only even powers of two of the vari- 
ables, the surface is symmetrical with respect to the coordinate 
axis along which the third variable is measured. For example, 
if the equation contains only even powers of y and z, the surface 
is symmetrical with respect to the XZ-plane and also with respect 
to the XF-plane, and hence with respect to their intersection, or 
the X-axis. The X-axis is then a line of symmetry. 

If an equation contains only even powers of all three of the 
variables, the surface is symmetrical with respect to each of the 
cofirdinate planes and therefore with respect to their intersection, 
or the origin. The origin is then a point of symmetry. 
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(2) Intercepts. The length of the segments from the origin to 
the points where a surfaee meets the coordinate axes are called 
its intercepts. These are found by putting two of the variables 
equal to zero and solving the resulting equation for the third 
variable. 

(3) Traces. The sections of a surface made by the coordinate 
planes are called the traces of the surface. The equations of the 
traces are found by putting each variable in turn equal to zero. 

(4) Platie sections parallel to the coordinate planes. The equa- 
tion of a sui-face and the equation a =s ft, a constant, are together 
the equations of the curve of intersection of the surface with a 
plane parallel to the XlF-plane, A series of sections parallel to 
the XF-plane can be found by allowing h to vary. Similarly, 
sections parallel to the other eoSrdinate planes can be found. 

To construct a surface, it is customary to plot the traces upon 
the coordinate planes and a series of sections parallel to at least 
one of the coftrdinate planes. 

174. The quadric surfaces, or conicoids. The locus of an equa- 
tion of the second degree in x, y, s is called a quadric surface, or 
conicoid. It can be shown that any equation of the second degree 
in X, y, a is reducible by a proper transformation of the coordi- 
nate axes to one or the other of the two forms 

Ax^ + By^ + Cz^ = J), (1) 

Ax^ + By^ = 2 «. (2) 

If the coef&cients in (1) are all different from zero, the surface 
is called a central quadric, the origin being the center. By the 
preceding article we see that the surface is symmetrical with 
respect to each of the coordinate planes, with respect to each of 
the coordinate axes, and with respect to the origin. 

If the coefiicients in (2) are all different from zero, the surface 
is called a noncentral quadric. The surface is clearly symmetrical 
with respect to the XZ- and FZ-planes and with respect to the 
Z-axis, but it is not symmetrical with respect to the XY--pl3.ne 
nor with respect to the X- and Y-axes. 

If one or more of the coefficients in either (1) or (2) are zero, 
the surface is called a degenerate quadric. 
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175. The ellipsoid. If all the coefRcienta in (1) of the preced- 
ing article are positive, the equation can be written in the form 

^2 ,,2 ,2 

a^ b^ c- 

and the surface is called an ellipsoid (Fig. 132). 




The intercepts on the X-, Y-, Z-axes are reapectively ± a, ± h, 
± c. The numbers a, h, c are the lengths of the semiases. 

The traces on the coordinate planes are all ellipses, represented 
in the figure by ABCD, BEDF, and AECF. The equations of 
these traces are respectively 



^,+ 1 = 1, r+J = l, and l + l 
Equation (1) can be written in the form 



= 1. 



«-(-S) '■(-?)" 



from which we see that any section of the ellipsoid 
the Xy-plane is an ellipse whose semiaxes are 
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Hence, the section will be a real ellipse only when z is confined to 
the ransje 

_c<s<c, 

and reduces to a point if z is either — c or -|-c. 

Similarly, the sections parallel to the YZ-plane will be real 
only when x is confined to the range — « ^ x% a, and the sections 
parallel to tbe XZ-plane will bo real only when y is confined to 
the range —b<y^b. The surface is therefore wholly inclosed 
within the parallelopiped whose edges are 2 a, 2 b, and 2 c. 

If two of the numbers a, b, c are equal to each other, the siur- 
face is an ellipsoid of revolution (Art. 156 ; Ex. 1) ; and if all 
three are equal to the same number, it is a sphere (Art. 155). 

EXERCISES 

1. Construct tli;e following ellipsoids : 

2, Show thai 



is the equation of an ellipsoid whose center is (2, 1, 5), 

3. In general, 

<.x~iy' (. y-my (s-n)'_ 
a'j +"62 + c! - 

is the equatiou of an ellipsoid whose center Is the point (I, m, n). 

4. Sliow that x'^ + ^^ + S^^ — Zx + iy-Sa + 10 = 0iathe equation of 
an ellipsoid whose center fs the point (1, — 1, 2) and whose semiaxes aro 1, 

— , anil — . Is this surface an ellipsoid of revolution ? 

2 ' a 

1 76. The hyperboloid of one sheet. If two of the coefficients, 
A, Ji, C in (1), Art, 174, ai'e positive and one is negative, D being 
positive, the surface is called an hyperboloid of one sheet. Suppose 
C is the negative coefficient, the equation may then be written in 
the form 

a^ b^ c^ ' 

from which we see that the intercepts on the X- and F-axes are 
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respectively ± a and ± b ; and that the surface does not meet the 
2-axi8. 
The trace on the Xl^plane is the ellipse 



b^ 



= 1, 



while the traces on the other two coordinate planes are the 
hyperbolas ^ ^ , , 

^-^ = l,aiid^-^=l. 

Any section parallel to the XF-plane is the ellipse 



"t+3 '■('+!)" 



which is clearly real for any value of z and increases Indefinitely 

in size as z increases or diminishes indefinitely. 
The sections parallel to the FZ-plane form a system of con- 
centric hyperbolas (Art. 
108), given by the equa- 




y 



= 1- 



If a; < a, the transverse 
axis of the correspond- 
ing hyperbola is paral- 
lel to the F-axis, and 
if x>a, the transverse 
axis of the hyperbola is 
parallel to the Z-axis. 
IE 3T = n, the section of 
the surface is the two 
straight lines 



Similarly, the sections parallel to the XZ-plane form a system of 
concentric hyperbolas. The form of the surface is shown inFig. 133. 
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Art. 177) HYPERBOLOID OF TWO SHEETS 233 

EXERCISES 

1. Construct the following hyperboloids : 

2. Sbow that 

a^ h^ c^ a3^6-^ c2 

3t; the first surrounding tlie 



is tlie equation ot an liyperboloid of one. sheet whose center is the point 
(1,3,2). 

4. Siiow that (x-l)'' ilrij™}^ _ (z - )i)S _ , 

is the equation of an hyperboloid of one sheet whose center is the point 
(i, m, n). 

5. Show that 3 12 _(_ 4 ^ _ £9 _ 8 J, -. ig the equation of an hyperboloid 
of one sheet. Find the coordinates of its center. 

6. Construct the surface whose equation is 

7. What are the equations of the planes parallel to the coerdinate planes 
which cut the surface 9 1^ — y^ + 9 «^ = 36 in pairs of straight lines ? 

177. The hyperboloid of two sheets. If two of the coefficients 
A, B, G in (1), Art. 174, are negative and one is positive, I) being 
positive, the surface is called an hyperboloid of two sheets. Sup- 
pose B and C are negative, the equation can then be written in 
the form 

«2 63 (.3 ' 

from which we see that the surface does not meet either the 
F-axis or the Z-axis and consequently has no trace upon the 
y^^plane. The traces upon the other coordinate planes are 
hyperbolas. 
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The sections of the surface parallel to the I'Z-plane form ; 
system of concentric ellipses given by the ec[uation 




'- + -. 



-1, 



sheets is a surface n£ revolution if 6 = 
face ia shown in Fig. 134. 



fiom which we see that 
the section will be a real 
ellipse only when x is con- 
hned to the range 

The hyperboloid of two 
- c. The form of the sur- 



3. Sliow that x^~-2f-iz^-2x-?,y-9=l} and y-i - x? - 2 z'^ + 
6r — 2^ — i2 + 6 = 0are equations of hyperboloids of two sheets. Find the 
coordinates of the center of each. 

178. The elliptic paraboloid. If the coefficients A and B in 
(2), Art. 174, have the same sign, the surface is called an elliptic 
paraboloid. The equation can be written in the form 

-v-3 ,,S 

^ + i^ = 2 cs, 

where c may be either positive or negative. 

The trace on the XF-plane is a point, iiainely, the origin ; while 
the traces on the other coordinate planes are the parabolas 

-__^2cz and ^'=2ra. 
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The aections of the surface parallel to the XY-plai 
system of concentric ellipses given by the equation 



'- + '£ = 2c: 



from which we see that the section will be rei 
have the same sign. Hence the surface lies 
Xy"-plane according as c is positive or 
the surface is shown in Fig. 135, 
where c is supposed to be posi- 
tive. 

179. The hyperbolic parabo- 
loid. If the coefficients A and 
B in (2), Alt. 174, are opposite 
in sign, the surface is called a 
hyperbolic paraboloid. Its equa- 
tion can be written in the form 



The trace on the X F-plane is 
here a pair of straight lines 



ly when c and z 
or below the 
The form of 




intersecting at the origin, and the sections parallel to the XY- 
plane form a system of concentric hyperbolas which recede from 
the trace on the XT-plane as z increases or diminishes. The 
transverse axis of one of these hyperbolas is parallel to the X-axis 
if c and z have the same sign, and parallel to the T-axis if c and 
s have opposite signs. 

The surface is saddle-shaped. A mountain pass between 
two solitary peaks resembles roughly a hyperbolic paraboloid 
(Fig. 136). 

EXERCISES 



1. Construct the following si 
(C) 3r=-4?a = 16j/. 



(6) y^ + ^=.ix. 
(d) s,2 _ jj = 10 a. 
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2. Reduce each of tbe equations x^+2}/^ — Ga + iy + 3£-\-ll = and 
sfl — 3y^ — i X + 2 z ^ S ^ + I = to a standard form and determine the type 
of paraboloid of which each is the equation, 

3. A point moves so that it is equidistant from two noninteraecting 
straight lines. Show that its locus is a hyperbolic paraboloid. 




x^ + x!/ + y^. What are the loci 



of thi 



180. The quadric cone. If the constant term D in (1), Art. 174, 
is zero and the coefficients A, B, G are not all of the sattie sign, 
the locus of the equation is a quadric cone. Suppose that C is 
negative, and A and B are positive; the equation can then 
be written in the form 

^ + ^'.^4 = 0, (1) 

«" 6^ c^ ^ ' 

from which we see that the sections parallel to the XFplane form 
a system of concentric ellipses which increase in size indefinitely 
from a point (when 3 = 0) as a increases or decreases indefinitely. 
Again, if P = {x„ y^, z^) is any point whose coordinates satisfy 
(1), we can prove that the line joining the origin to P lies entirely 
upon the surface. Por the coordinates of any point on this line 
are clearly 

x = rx„ y — i-y„ z = tz„ 
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PAIRS OF PLANES 



where r is any number. But these coordinates satisfy (1) by 
virtue of the hypothesis that the coordinates of P satisfy (1). 
Therefore the cone may be 
generated by a line which 
rotates around the origin and 
intersects an ellipse whose 
axes are parallel to the X- 
and F-axes, Fig. 137. 

181. Cylinders. If either 
(1) or (2), Art. 174, contains 
but two of the variables, 
the corresponding locus is a 
cylinder (Art. 157). The 
cylinders are therefore de- 
generate quadries. 

182. Pairs of planes. If 

an equation o£ tlie second 
degree is written with its 
right member equal to zero, 
and its left member is then 

the product of two expressions of the first degree in the v 
the coiTCsponding locus is a pair of planes. For the equation is 
satisfied by the coordinates of any point which render either fac- 
tor equal to zero. Thus, 

a? b'' 
is the equation of the pair of planes 

- + ^=0 and ?-f =0. 




EXERCISES 

cones whose equations are 
(a) 'ix^-SGy'^ + iz'^-O, and (h) \6x^ -iy^ ~ z^ = f>. 

2. If in (1), Art. 174, I> = and A, B, and G are all of the same si 
what is the locus of the equation ? 

3. Show that a^ + 4y=— s^ — 2k-|-8i/ + 6 — Ois the equation of a Ci 
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-^ (y-my (z-^_ 



:0 



is the equation of a cone mhose vertex is t)io point (i, m, n). 

5. Construct the cone whose equation is 

6. Discuss the equations 

(a) 4»^-'-25 = 0; (6) 22*2 + 522 = 0; (c) y^ - x^ - iy + Gx- 5 = 0. 
What is the locus of each equation ? 

7. Show that llie left member of 

x^ ^y^-\-e^ + '2xz-&x-y-5z + G=0 
md blby+j)+~ Wlillisfh q P 

183 Ruled urf If t ght 1 al I g t a 

g Iwtd be g t Idrf Th ta 

1 k 1 ta tly ] 11 1 t f th d te 

t d b yl d 1 11 1 t tl t A fa 

1 tt btfilptdte t fil It 

gt wh rt thfilpfcC d 
jl d 1 1 f ce 
If th q t f tra ht 1 t p t A tl ii 

wh A 11 d t J th 1 w 11 d th i be a 
n 1 d f F pi 1 t tl q t f th 1 b 
I + /+ -A-=0 1 -A/ + i +1 = 
1 m tl fi t f th q t bt 

fc=Jii, (1) 

and from the second, , 1 + x ,„, 

Therefore the coordinates of all the points that lie on the line 
must satisfy the equation 

y + z^ l + ^ (,■}) 

or ;b^ + / - 3^ = 1, (4) 
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whatever the value of k. Conversely, any point whose coordi- 
nates satisfy (4) must lie on the given line for some value of k. 
For (4) is equivalent to (3) and the value of k is determined from 
either (t) or (2). The locus of (4) is an hyperboloid of one 
sheet. Therefore the given line generates this surface when k 
varies. 

EXERCISES 

1. Find the equation ot thu ruled, surface generated by the line whose eq^ua- 

2. Find the equation of the ruled surface generated by the line 

(n) when — = 2, (Ij) when A: + m = 1, (c) when km, = 3, and (d) when the 
perpendiculars from tlie origin upon the two planes are in the ratio 1 : 2, 

184. Equation of generator. It frequently happens that the 
equation of a surface indicates at once that it is a ruled sur- 
face. Por example, the equation (x + yy +(x + y)x — 3 = can 
be written / , v/ , , ^ q 

Hence the straight line x + y — -, x + 7/+s — k lies wholly on 

the surface, whatever value is given to k. This line is a generator 
for any value of k. 

EXERCISES 
1. Show that the hyperboloid of one sheet is a ruled surface. 
The equation of the surface can be written 



(i+f)(i-;)=('-3(-3' 



Hence the system of straight lines (- + "] = hi I + ~\, {^■~^\ = -[l — -\ 
\b c/ V a/ \b cj k\ a) 
lies wholly on the surface. 

2. Show that a second system of straight lines lies wholly on the hyper- 
boloid of one sheet. 

3. Show that the hyperbolic paraboloid is a ruled surface, having two 
systems of striught linee lying upon it. 
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4. Show that the three other nondegenerate cunicoids are not ruled 



&^ 



5. Show, by the method of this section, that the c 
a, ruled surface. 

6. Prove that y^ — iyz + i^ + xy — 2x2 = 5 is : 
there two systems of lines lying upon it ? Wha 
How do the generators lie with respect to each other ? 

185. Tangent lines and planes. When two of the points in 
whifih a straight line meets a surface coincide at a point P, the 
line is called a tangent line to the surface and P is called its 
point of conUict. 

In general, all the tangent lines at P lie in a plane called the 
tangent plane. P is tlie, point of contact of the plane. 

To find the equation of the tangent plane at a given point on a 

surface, consider the ellipsoid -^ + ^ + "^ = 1- 

Let Pi^{x'i,y„Xi) and Pj = (ai, .%, a^) , be any two points in 

space. The equations of the line P^P^ are, in parametric form 

(Art. 16S), ^x^ + rx, ^y^ + r^i 

^ ■ r + 1- '^ r + i" 

To find the coordinates of the points in which this line pierces the 
ellipsoid, substitute the values of x, y, and z m the equation of the 
surface and solve for r. These values (tf r, when placed in equa- 
tions (1), give the coordinates sought. 
The equation for r is readily found to be 

^fei + &' +« _iV2 /« + Mi + ?* -i") 

Now suppose the point Pi = (x,y, y,, Zi) lies on the ellipsoid. The 
absolute term in (2) is then zero, and one of the roots is j-i = 0, as 
it should be. The other root is 



(1) 
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In order that this root should be zero also, and therefore the 
two points of intersection coincide at P„ it is necessary and suffi- 
cient that the numerator should vanish. Hence, when the point 
Pj lies on the plane 

^^ + ^ + ^-1 = 0, (3) 

the line PiP^ will touch the surface at P, ; and therefore (3) is 
the equation oftlte tangent plane at P,. 

When P^ does not lie on the surface, equation (3) represents a 
plane called the polar plane of Pi with respect to the ellipsoid. 

A line perpendicular to the tangent plane at the point of con- 
tact is called the normal to the surface at this point. 

EXERCISES 

1. Stowthattiiepointf 1, 2, ^^^\ lieson theellipsoid ^ + ^+—,=1. 

Find the equation oi the tangent plane at this point, and the equations of 
the normal, 

2. Derive tJie equation of a tangent plane to the liyperholoid of one 
sheet. 

3. Derive the equation of a tangent plane to the hyperbolic paraboloid. 

4. Derive the equation of a tangent plane to the qaadric cone and show 
that any tangent plane passes through the vertex. 

5. Show, hy means of equation (2), Art. 185, that when Ps lies on the 
polar plane of Pi, the segment P1P3 is divided externally and internally in 
the same ratio by the points where the line PiPa meets the surface. 

6. Show that the length of a tangent line to a sphere from the point 
(«i, Vi, »:) is equal to the square root of the result of substituting xi, j/i, si 
for X, y, 2 in the loft member of the equation of the sphere, the right member 

7. Show that the locus of points from which tangents of equal length 
may be drawn to two spheres is a plane. This plane is called the radical 
plane of the two spheres. 

8. Prove tliat the radical planes of three spheres meet in a line called the 
radical axis of the three spheres. 

9. Prove that tie radical axis of three spheres is perpendicular to the 
plane of their centers. 

10. Show by definition that the tangent plane to a ruled quadri 
S which pass thi'ough the point of contact. 
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186. Circular sections. Certain planes cut the conicolds in 
circles. For example, consider the ellipsoid 

4 9 1 

The coordinates of all points on the curve of intersection of this 
ellipsoid with the sphere ^ + 1/ -yz' ~i = will satisfy the 
equation 5 a 

whatever value is given to k. When k= \, the equation becomes 

i^-^' = o (1) 

and therefore represents two planes. Each plane cuts the sphere, 
and therefore the ellipsoid, in a circle. 

Any plane parallel to either of the planes (1) cuts the ellipsoid 
in a circle. For, let 

^# + !/^-* = 0!.nd.yl-^,,^-™.0 (2) 

2 6 Z b 

be the equations of any two planes parallel to the two planes (1). 
Combining the product of the equations (2) with the equation 
of the ellipsoid, it is easily seen that all points common to the 
planes (2) and the ellipsoid must satisfy the equation 



^!^<4-4>»e*-'f)- 



fcm - 1 = 0. 



But this is the equation of a sphere and hence the planes (2) 
meet the ellipsoid in circles. There are thus two systems of 
parallel circulai' sections, each being parallel to one of the planes 
(!)■ 



1. Find the equations of tlie planes which cut circles from the ellipsoid 
9x^ + 2i,y^ y 169 s^^ I. 

2. For what values of k and in will the equations (2) be the equations of 
tangent planes to the ellipsoid '! 
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3. Find the equations of the syBtem of planes wliicli cut the iiyperboloid 
of one sheet ?^ + ^--^ = lin circies. 



187. Asymptotic cones. Consider the hyperholoid of one slieet 

T,et 7*1 = (^1, »/„ 2|) be any point in space. The equations of the 
line joining the origin to Pi are 



r being a parameter ; and the coordinates of the points in which 
this line meets the Iiyperboloid are found by substituting these 
values of x, y, and 3 in the equation of the surface and solving the 
resulting equation for r. 
We thus obtain for r tl 
equation 

1 



It follows, from this 
equation, that as P, is made 
to approach the cone 



62 



=0, 




the values of r increase in 
absolute value, becoming in- 
finite when Pi lies on the 
cone. Therefore no gener- 
ator of the cone (1) ever 
meets the hyperboloid. 
Moreover, the sections of 
the cone and the hyper- 
boloid, parallel to the XY- 

plane, approach coincidence as the cutting plane recedes from the 
^L^plane. The cone (1) is called the asrayptotic cone. 
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2. Show that the asymptotic cone of the hyperbolic paraboloid consiats of 
two planes. 

3. Show that a plane determined by any generator of tlie liyperboloid of 
one sheet and the center is tangent to the asymptotic cone. 

4. Show that neither the elUpsoid nor the elliptic paraboloid has an 
asymptotic cone. 

188. Projecting cylinders of a curve in space, Tlie cylinders 
whosi! generatojs inteiseLt a Kuen sj ace-curve and are perpen- 




dicular to one of the coordinate planes are called the projecting 
cylinders of the 
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To find the equations of the projecting cylinders, eliminate x, 
y, and s in turn from the equations of the curve. For example, 
consider the curye whose equations are 

Eliminating x, y, and z in turn from these equations, the three 
projecting cylinders are found to be 

/ = 2 £, :^ = Qz, and af — Sy^^O. 
The first two are parabolic cylinders, shown in the figure. They 
intersect in the given curve. The third equation decomposes into 
the two plaues 

x + -V3y = and x-V3y = 
and shows that the given curve consists of two parabolas lying in 
these planes. 

EXERCISES 

1. Construct the following curves : 

(a) x'' + ^ = 26, y + s = 0. (b) x'^ + i/^ -ix^O, x + y + z==3. 

(c) x^-y^ = i, x + y + z = 0. 

2. Find the equations of the projecting cylinders of the following curves ; 
(a) x.^ + y^-2s = 0, t^ + z^ = i. 

(fi) 2 j= + 2= + 4 a; — 4 2 = 0, y^ -f 3 3^ ~ 8 a = 12 B. 
(c) a:! + j^ + e2 = 25, 3^ + 4^-22 = 0. 
The last is a gpheHeal conic. 

3. A point moves so as to be constantly 2 units from the Z-asJs and 
2 units from the point (2, 0, 0), Find the equations of its locus and plot the 

180. Parametric equations of curves in space. If the coordi- 
nates of a point in space are each functions of a parameter, the 
locus of the point is a line in space, straight or curved. For 
example, the equations in Art. 168 are the parametric equations 
of a straight line in space. Again, the equations 
x = r^, y = r\ z = r 

are the parametric equations of a curve in space. The equations 

of the projecting cylinders of this curve are found by eliminating 

r from each pair of equations. Thus, the projecting cylinders are 

x'^=y^, x = ^, and y =??■ 
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190. Tbe circular helix. An important curve i 
the circular lielix. Its parametric equations are 



IChap. XIV. 
meehauics is 



where $ is the parameter. 

The equations of the projecting cylinders are 

a^ + i/' = a^ 3;=aco8-, y = asin? 
Hence the curve lii 




on the right circular cylinder a^ -f- ?/* = a'. 
If 6 is a positive number, the XZ- 
cylinder stands on the curve 

a; = a cos- or ABODE; and the 



yZ-cylinder stands on the curve 

7/ = ra sin - ■ The helix is there- 

b 
fore a curve wound around the 
^ circular cylinder, the distance be- 
tween two consecutive turns being 
2 67r(Fig. 140). 



2, Construct a circular heli;: when b is a negative number. 

3. Show that the equations 

X = a cos e, a = b sin 9, 2 = mfl 

elliptic cylinder. 



ire the equations of a helix wound 
4, Construct the curve 



= me. 



5. The three eqnatior 



kx — y — sk — y = 0, 
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Abt. 190] THE CIRCULAR HELIX 247 

are the equations of three coaxial pencils o£ planes (Art. 152). Express llie 
coordinates of the point of intersection of the throe planes, for any value of k, 
in terms of k and thus show that the three pencils generate a space-curve. 
Construct the curve. 

6. Show that the point {2, 1, 5) lies on the curve 
K'i + i/' + 2= = 30, !^=5, 

and find : (a) the equations of the tangent line to this curve at the given 
point, (6) the equation of the normal plane (perpendicular to the tacgent 
line) at the given point. 
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Art. 3. Page 10. 



Art. 7. Page 13. 

4. PiPj = S, PzFs - 3, PiPj = 4. 

5. PiPs = Vaf, PjPa = 3, F\P3 = 4. 

6. A square, one side 4 units, diagonal 4V2, area 16. 

7. (2, 0) i eacli V2 ; each 2 ; 1. 

Art. 9. Pages IS-16. 

1. (2.598, -1.5)' (2, -3-464); (-1.25,2,73}. 

2. (V58, -e&:'&); (2\/5, 26''.6) ; {- V34, SSl'-OS), 
4. SI = ± 3, « = ± 36°.8. 

B. (-m,0). 

9. .ds(-8.66, 6) or (10, 60"). B= (0, 15) or (15. 0°). C=(10.3S,6) 
or (12, -60°). 

Art. 11. Pages 19-20. 

1. (a) 5 and 2 ; slope, ^. ((;) 1 and — ; slope, — 9. 
(c) 2 and 8; slope, 4. (<S) 1 and — 5; slope, — 6. 

2. Wd' ; 40=54'. 

3. (6) 26°34'; 75°58'; lie^lQ'. 

Art. 12. Page 21. 
1. 13.86. 2. Vis. 3. 6.97. 



6. (80, ^), 144 miles. 



Art. 15. Page 24. 
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Art. 17. Pages 25-26. 

1. (0, 3.6) ; (1, - 1.5) ; (3, 0). 5. (0, 2) and (3, 3). 

6. (1.126, .25). 7. (1, 0) aDd(l>, -2). 

Art. 19. Page 28. 
1. -6. S. -7.5. 4. 6.897. 8. 2.5. 

Art, 20. Page 30. 



1. 122.5. 
4. (a) -'■ 



Art. 21. Pages 31-32. 



-94.2 -27.8 
\y= 66.0 167.3 68.3 - 16i 

(6) N. 36° E. ; S. 67° 36' E. ; S. 29= 46' W. ; N. 1 
N. 50''46'W. 

(c) 42,277.06 sq. ft. 
8. 150.5. 6. 300, slope, f. 

Art. 30. Page 39. 
1. Line of Bymmetry, » = 1; intercepts on X-asi 
on y-axis, — S ; turning point (1, — i). 
S. Line of eynimetry, a = 1 ; intercept on X-axis, j 
8. (±2, ±2). 

iac- 



3. 60,294 sq. ft. 
1 
3 
i''48' W,; N, 1°12'E.; 



1,-1 and 3; intercept 
intercept on F-axis, 1. 



ing point for x = xXr. Mas. reet. is a square wliose aide is 5V2. 

8. Number of sq. ft. of lumber is — + 3?, where x is tlie length of the side 

X 

of the base. Height of the bos requiring the least amount ot Inmber is 3 feet. 

Art. 34. Page 42. 

8, (,a)y = a. (b) (x'^ ^f + 2axy' ^ia\x^ + y^). 
(<•;) (x^ + y^-axy^a^ix'^ + y^). 

Art. 41. Page 50. 
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Art. 45. Page 56, 

1. (a) z- + y^-2y~8 = 0. (h) :r^ + y' + ix^O. 

(e) 3^ + s' + 8a-6D+16 = 0. (d) :•;' + f - 2x- iy - SI = ». 

2. x^ + y^~ix-6g = 0. S. x'^ + ^ + ix~6y-U = 0. 
4. x^ + y^-5x + iy-^ = Q. S. 10 3;-8!; + 3 = 0. 

6. 2(a- c)x + 2(b - d)y-b'' + 0' ~ a'^ + «" = 0. 

7. x? + y^ = l6. 8. i2 + j^2_25. 
9. (d^ + f-^dx + iy-U^a. 

Alt. 46. Page 57. 

1. (a) (3,0); 5. (6) (3, - 2) ; 8^2. (c) (f, 4) ; -V-. (d) (- 1, 2); 0. 
(.) (4, 0) ; 4. (/) (J, ^) ; :^K (3) imag. (ft) imag. 

2. (10, ¥); 16.565, nearly. 



Art. 48. Page 59. 

1. [a) x-y+l = 0. {b) Sx+2y + 1^0. (c) x + 9y + iZ = 0. 
id) Ix + iy-^^o. 
B. (a) -1;S, I- (6) f; 1,-1. W 3 ; - |, 2. {d) - M, J. 



Art. 50. Pages 62-63. 



2. i 4, 0. 



<-'i+f='' <«5+S= 



(e) ^ + a 



- 1-^ = 1 
'' 50 25 

». (a) o = V2, 6 = V3, G = JVS. (6) a - v^, 6 =. Vi, c -; jVs. 

(c) a= A 6 = iV^. c = V|. (d) «==1, 6=iA c = jV2. 

6. (o) 2Vi, (6) *^, (c) lA (d) 1. 

Att. 32. Pages 65-66. 

I ^-.yl = -i 2 ^-"^=1, 3, 7.03+ and 1.03+. 

9 7 36 28 _ _ 

4. (a) 3, 2; jVia. (6) 2, 3; ^ViS. (c)l,4;VT7. jd) 2Vm , Vm; jVS. 

5. (o) V6, 2; JVTO. (6) 4, 2; Vs; (c) -\/^, Vn; V-^^^" 

e. (ia)n. (46)9. (4c) 32. (4d) Vm. (5a) 6. (66)16. (6o) ?-^- 
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Art. 53. Page 67. 



1. (1,0), 2. 2. y"-^S(x-l). 3. k2=4((/-1). 

4. (a) y'' = Sa:. (6) x^ = 6y. 6. (a) 8. (h) i. (c) 6. (d) 10, 

Art, 57, Pages 70-71. 

1. r2-6i-cos(e-60')^7; v^. 

8. r cos (9 - fiO") = 5; x + yVS ^ 10. 

8. r = 8 sin S ; x^ + y^ — Sy. 

6. r = ±3acos(fl-4S°); 3^ + j^^j^nj-vai a;/ V2 = 0. 

Art. 59. Pages 72-73. 
9. r = -^=^. 10. r = -^^^-. 13. .^ ° . 



Art. 62. Page 76. 



_ Vl05 f, _ v'lliS 



1. (a) a =3. (, = 2, 0= V&, '3 = -^-. 
e= Vf?, e= VJj. (e) a =10, 6 = 5, c = 5V&, e = JVS. (d) q = 2V||; 
6 = :^^, c = |VI?r', e= Vp. (0 «-8, 6-5, c- V39, 6 = ^?^, 
{/) a = 8, 6 = 5, c=VwS, c=^^. 

2. 2!/+K = and 2y-z = 0. 8. 6J. 
4. r = ~^, fl=±arctan4. 

Art. 72. Page 87, 

3: — 2 cos r^ + Vc'' — 4 siii^ ^ — c, where c is tlie iengih 

Art. 78. Page 94. 

3. J'a' = - 5. 4. y'2 = aV2 x'. 



8. (4f, -3|). 



Art. 81. Page 97. 

7. z = 4-t^ j/ = *(4~0- 



V('^ + i/" \(^+i; 

9 — ± -^ X. S. X — a COB* e, J/ =^ (! sin' 9. 



x^ryjl- 



.(a + h]^ 
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Art. 82, Pages 98-99. 

2-(l)~-^ = l. (2)^ = 4(^+1). (_?,)y=-2x 

(i) y + 5x+l0 = f). (5) 3a + 2*^-6=^0. (6) 3^ 4- !( = I 

(7) r^y + ACx = AB. 

Art. 83. Page 100. 



2. 15 s - 18 if - 320 = 0, 4 a; + & {( - 3 = 0, 40 j; + 98 ^ - 272 = 0. 

3. 3a; + 2if + 7=0. 5j:-j/ + 8 = 0. 

4. x^/S'-y-(VS-S)=0. 5. Ay~V>x-4=0. 

Art. 87. Page 104. 

1. (a)x + !/V-^-lO=^(t. (b) x-y\/S + m = 0. (c) xVS~ y + 10 = 0. 
(d)x + y = D, (e) x + y = l^/2. (/) 3^- j/VS- 12 = 0. 

4, y=6an^^2lx + 2>}y- 145 = 0. 

Art. 88. Page 105. 
1. ^. 2. 2,35+. 3. x^ + y^ = m- 

4. V, 4 a;2 _|_ 4 j,2 _]. 24 K - 32 s( - 69 = 0. 
6. (a) 3^ + j/2 ^ 5, (_b) x^ + y'^+Sx-3y + 5.025 = 0. 

(c) x'' + y'' + {S-V2)x~(i + y/2)y + A^ = 0. 

(d) 3? + j/2 + 3(2 - V2)x + 3(2 - Va)!/ + »(3 - 2V2) ^ ^ 

Art. 89, Page 106. 

1- 45°. a, 4° 46', nearly. 3, 105° 15', 63° 26', IIMS', 

6, y=-^,x~y = ^,nx+ly = 0. _ 

B. {a} 2x-3y = 6. (b) 3x±iy^l6. (c) Sji- 2^: = 5Vl3. 

Art. 90, Page 107, 

1. (1) ^ + ^ = 1, (2)'^ + ?^ = l. (3) "^ + £ = 1. 

9 4 ~ -^ ly n ^ -^ 30 20 

(4) ^ + !^ = 1. (5) ^ + ?2 = 1. (6) ^ + J^ = 1. 
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o,.......=v.-.,«.^. 




(2) a^(,,t,^l,c^Vn,e = ^. 
6 




(3) a = 2, 6=3, c = VT8, e = ^- 




(4) a = 2, 6 = 3,o=V5,e:=:^. 




(5) a = VlO, 6=2, c = Vl4, e -V%. 




(6) a = VIO, & =2, c = Ve, e - Vf. 




5|^andi2i^. 4. .^Il{o + 2v'5)aiLd^(9- 


2V5) 


Art. 94. Pages 110-111. 




^^ 1 y^ 1 ^ 4 „ ^ 




» 4 ■ .■i-V6eose' * COS • V 




9 45 ^' ' ecose_4 "^ ^'""''^ 2 *^"'- 












l(i 25 VST cos S - 4 





Art, 95. Pages 113-115. 
(a) », = .U+li. _(6) !/=-ij;±Y. (c) !/=-j3;±ViO. 

(o) !/=±Ja:±S, (&) !/=±^±5. (c) !( =±63: ± 7V37. 



Alt. 96. Page 116. 

(a) (4,4). (b) (±-V-. ±V)^ (0 (iiViO, ±^^^). 

. / 12(-9T4VW) ^9(16±V91) '> 



^)- («) (±^S±?). 



Parabola, (Y, ± -tf ) 1 , ^v J K"'PSe, { ± V, ± J) 1 

' Circle, C- i, ± H) r ^-^ iHyperbola, (±^, ±|)J 



Circle, [ ± !^ 

Ellipse, f±§20V37,±i^^) 
•^^ ' V 269 ' 259 / 



i7 '" S7 ; 

1QV37 , 13V37\ 
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Alt. 97. Page 118. 
1. 3x + Sy = 19. 3. 3:t + !) = 7. 4. i/ = 4, j, = - 1 1 + y. 

5. x + 2y + 6 = 0. 6. 108° 26'. 

10. (a) y = Zx^'l. (b) Ux~y -IS = 0. (c) 3y = E + 4. 

(d) nx-2iiy/G-21 = 0. 

Art. 99. Page 120. 
1. x,y - nx = 0. 2. I^^l = _ g ; K=^J = _ g.| . 

3. 1^73, jVfa, 6i, J. 4. 27y + l8x-8S = 0. 7. 8/-3;, = ]8. 
_4V65 



Art. 102. Pages 124-125. 
Z. !)j/-23;V3 = D, S!/ + 2xV3 = 0. 
4. s.x-:.iy = 0, ^-^ = 0. 

Art. 103. Pages 126-127. 
1. V = i^- 3. !(=-!l. 3. 3: 4-2?/ = a 

4, 132 + ll!/ = 46. 6. y = x~l. 6. y = -^i. 

Art. 104. Pages 128-129. 

1. (1) r- 8)/ = 16. (2) :c + 2!/ + «=0. (3) 5 s + 8 j/ + 12 = 0. 
(4) S LC - 6 y = 5. 

2. (16, - 10), 3. (4P, ^). 4. (- 10, 4). 

' \ C ' I' ■ U'-!/i^ + 6^*i^' aW + t^^iV' 

Art. 109. Page 138. 
1. x^ + 2y' = 10, 5 22„i20s|2 = 24. 

Miscellaneons Exercises. Pages 138-140. 
1. (2±3V6)3: + 2(6^V0)!/ = 40. 
2 / 14g ^ lavT SV / - 5iV5 ± ^4V3 \ _ ^g 

' 4T6Vg 6_±V6\ .„, / UflTl^vTft -18V 6±8V'3\ 



, (1) t^py-, ^^ . (2) 
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256 ANSWERS 

4, i/Ta. 5. JvTS. 6. S^ = AC. 

10. x + y + p = 0, 11. 94,559,610 and 91,440,390. 

12. arctan- '^'"'° - i"-^ -- 13. .500,000. 

mid^ - 62) 

15. 5! + |^ = £. IT. ,j = x{m + m'). 

Art, 111. Page 145. 
1. (a) Ellipse, center (|. - |), foci (| ± J Vfi5, - 3). 
(6) Ellipse, center (S, - J), foci (8 ± |Vl7, ~ J). 

(c) Hyperbola, center (J, 0), foci (i, ± J^). 

(d) Parabola, vertex (- 2, - V). ^oc^ (- 2, - 9). 

(e) Hyperbola, center (0, 3), foci (0, 3 ± aVS). 
(/) Parabola, vertex (V. 3), focus (5, 2). 

3. (n) Circle. (5) Hyperbola. (o) Two lines parallel to Y-aais 

(d) One line parallel to X-axis. («) Imaginary lines. 

(/) Two lines parallel to X-axis. 

Art. 112. Page 148. 

1. EUipse, 45°, e ^ ,577+. 

3. (a) Ellipse. (6) Imag. ellipse. (c) I mag. lines. 

(d) Hyperbola. (c) Keal interesting lines. 

8. (a) 3j-' + j^ = 2. (6) 3aS_7j/S = 8. (c) 7 j;= - 6 j^ = 14. 

(d) 23;! + j,2==2. (e) 2^-12!/2 = -e. 

Alt. 114. Page 152. 
1. (a) i6x-y--l)(x + y + r,) = 0. 

(b) — ^ —^ 1; tf = 67''30'; center (- 1, 0). 

2(Va-l) 2(V2 + 1) 

(c) ^ ^L__ = _i; e^^^rSO'i center (-1, J). 

2(-\/2-l) 2(-\/2 + l) 

(d) 33;2 + j/«=6; 9 = 45°; center (1, -2). 

W _^ + Ji-=1; e = 13° 18'; center (1,1). 
3+V5 3-V5 

(/) Imaginary lines. 
(g) — ^-^ + — ^— =7 ; (S = arc tan 2 ; center (S, 3). 
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Att. 113. Page 154. 

1. (.) ,^ = ^^.; . = 45"; vertex [-'-f, _^)- 

^ ' ys * 5 ' \ 25 ' 25 y 

^a) ^=-«J^; e = larctanl-^ vertex /^-^, ^ ^VlSV 



i^- 9=arcaiii^- vertex / ^ '^^ I 



Art. 116. Page 155. 



CO x + y±l=<>. 



Art. 117, Pages 1S6-157. 

1. (a) Hyperbola. (&) Eeal ellipse. (c) Parabola. (d) Hyperbola. 

3. (a) Paiabola. (6) Tvro real lines. (c) Real ellipse. 
{<l) Two real lines. 

4. !c = \, imaginary. 

7. Vertex (f,4); focus (^, fj) ; directTix4x + 2 j/ = 7. 

Alt. 118. Page 159. 

1. (a) 3:c + 8y - 5 = and 32-8»)4-20 = 0. (b) x + y = i. 
(c) y + i^O. (d) x + 2y + 3 = 0. (e) 8«- 37 9 + 18 = and 
i'£ + 13y~18 = <i. 

2. y-4a: = 8. 

Art. 119. Page 162. 

1. (5 ± VT3)K - 2(7 ± 2 Vl3)!/ - (13 ± SVITi) = 0. 
2 I Axes, x + y = 3 and x — y = 9. 

{ Asymptotes, (- J8 T 7V5)* ± 2 j/i/5 + 16 ± 2 VB = 0. 

3. !/-a; + l = 0, a + j/-3 = 0, x+y-l = 0. 

Art. 121. Pagea 163-164. 
1. 173^ + Vi6xy — iS<f^ + 2l0x + Sd = <l. 
». (a) !:>x + dy + 2=0. (b) Sx-2y = 0. {e) Sx + l^O. 

(d) ix ~2 ay + a^ - (:^ + (t^ = 4. 
4- (i, -3). 
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Art. 122. Page 165- 

1. x:^ + 'i xy + y'^ — X — H ~ and a-/— 2xi/ + y'^ — x — 7 = 0. 
Z. x'^ + 4:X'J + 4:y-'~x-2 = am] x'^ - i J'y + 4 y^ - r. - 2 -0. 

Art. 123. Page 166. 

1. (a) x + ^ = ±2(s-i), Bx+l-^±(y^li), ^ + 1G = ±(7 y - 10). 
(6) 7 If + 38 = 0, aV7±12 = 0. 

(c) (2V2±V5)a:-(V6TV5)j; = i(4i/6±2v'2), x-2y = 0, x+y=0. 

2. (u) (-5,0), (-4, 8}, (3, 4), (V-, -J). (&) f±^\^-^, -^V 

^"> i . 

Art. 124. Page 167. 

1. (a)22z^-30'jy + 'iy'-22x + Vy=0. 

(6) 24 x^ _ 73 It, + 29 y^ + 100 a: - 12IS ;, + 40 = 0. 

Miscellaneous Ezeicises. Pages 167-16S. 

a, (2, -3j. 

4. K'^ + j,'^ - 18 a: - 3fi i, + SI = and 3;'' + v*-2k-4j; + 1 = 0. 

5. (2, 0) and (5, 0). 6. (W- -fl)- 

7. («)!/^=-^s:. '^>§-f=-^- («>f + f = l- 

I'S 4(5 + V&) 4(6 -V5) 

(/)f-f = l. (..).^=^- (n)^ = ^.. 

(0 (53;-2j/ + S)(5jt-2!,-2)=0. (j) a; - 3 1; ~ 1 = 0. 

(t) 3Ti>-s2 = ^10v'2. {I) aS-^=-40. (m) Imag. lines, 
(n) V'=-^^''- (0) (x-2y-2)(x + y + l) = 0. 

Art. 145. Page 200. 

2, Each,^. 3. (7,-4,-R). 4. (1,0,11), 7. 

Art. 147. Page 201. 

a. T.*nglhs of the sides, V83, V2T7^V64. 
4. Terminal potnl, (^, J, — 3 ± ■|v'23). 

6. Direction cosines, J, |, ; f, - J, - |. 8. m" or 120°. 





Art- 151. 


Page 204. 


1, (a) SO". 
7. 4^. 


(?.) arccc 


8. 1, 
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Art. 152. Pages 203-206. 
1. (a) (5^, --2f,3J). (6) (3,1^,3^). 

3. (-I3, a, 45)and(-i, 0, 2i). 8. -2. J. 1. 

Art. 153. Pages 208-209, 

1. 3# + i/2 + «2-10x + 4y-6e + S7 =0. 

^ + ^,+ 3^ - 4 K + 6 j; + 12 s = 0. i^ + ]f^+z^-2az = 0. 

2. (fl) (I, -3, 4), r = 2. (b) (-5, 2. - 1), r = 5. 
(c) (-2, -2, -3), r=:4. (d) (-3, 0, 0),i- = 3. (e) Imaginary. 

8. ic= + !/■' + z2 _ 2 3 - 8 ?/ - 10 z = 0. 4. x'' -i- y^ + s' - ix = 217. 

S. K^ -(. y2 + 2^ = 4 and a:2 + jfi + 2^ = 67e. 





Art. 15G. Page 210. 




2, V^ + z^ = ipx. 


a-^ b^ b^ 


and^^-^-l' = -l. 
a3 6= (.2 


f + ^:= ipx. 


y'-16p2Ca^2 + 32). 



Alt. 159. Page 212. 

I. «3 ^_ j,5 = ^2 tan2 fl. 2. Y + J- (^~ ^)' = 0. 

*• (Bi <*' li) a''<J i-'eh ^' W)- 5- fi^^^a^- About the Z-axi8. 

Art. 160. Pages 214-215. 

1. (a) xV2 + y + z = fi. {!)) x + yVi-i: + l2 = 0- 
(c) 6 j; - 2 »; + 8 3 = 56. (d) 2k+ y + 23 + 15 =0. 

2. (a) 3 3; - 2 1/ + e 2 = 49. (6) 2 * - 5 !/ + 2 = 30. 
(c) 3a; + 4t,-2e+2a. 

3. (a-) fx-^v + i^ = l- (b) ~ix-h^y~i2=:i. 

V21 Vai Val 1/2! vii VIS Vi4 

s. Hi. 

Art. 162. Pages 215-216. 

2. 162 + 6f/-B = 14. 

4. Area of X2-proj. = 4. Area of yZ-proj. =6. Area of Xr-proj. = 12. 

Art. 163, Page 217. 
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ANSWERS 
Art. 164. Page 218. 



I. 4. - 




3. 1.37, 
0. x + l 


\y-iz^ 


,J'^ 


-I 


f. 3:2 + 3,2 


+ 2^ 


~(y^ + x 


2 4- ly) + ; 


C + J/+S 


=j. 



Alt. 165. Page 219. 
1. (4, - 4, 2) ; 118= 7', 61° 53', »0°. 4. 3i-y-2-|-5 = l), 

3. 3 r + 4 J, - 12^-12 = 0. 5. 3 it - j, + 3 - 12 = 0. 

3. 7^ + 59-2-13 = 0. 

Art. 167. Pages 220-221, 

1. 7 * - J + 3 - 18 = 0. 3. 5 ; impossible ; \. 

3. (a) nx-iy + 2z-iS = 0. (6) 83; + 8?/ + 5»-38 = 0. 

4. j, + 4»-l=0; j:+£-5 = 0; 4»-s,-19 = 0. 

6. 6y,-6i/-32±6VlQ = 0. 8. 2 £ + j/ + 2 z = S-iys. 

6. 5 a; - 3 J/ - 7 2 - 20 = 0. 9. 5 x + 3 !/ + 3 = 16. 

7. j; + 72 = 2. 10. Sx + 9y + ^^e. 

Art. 168. Page 222. 

1. („)^=^ = ^. wm = i^ = ^. (c). = 2,,= -3. 

3. (a) (3, -1,0), (0,0, -2), (0,0, -2). 
(6) (-4,8,0), (1,0, V). (0, f,f)- 
(c) (2, -3, 0), parallel, parallel. 



4. («)2(»: + l)=2(i/-2)=(3 + 3)V2. 

(6) -2(^+l}=2(y-2) = -(2 + 3)V2. (c) 2y- 



Art. 170. Pages 224-225. 
, 3;-2s + 4 = 0, j:-3b-2 = 0, 3j-3s~6=;0; Zx-2y- 

26 31-32 j/-27* + 46 = 0. 
. 3:V5-2!, = 2\/6-I0, s = 7; (x-2)VA = z -1, y = 5 ; 

2(y~5)V2 = 2~',x = 2. 
. 6s,-7^ + 4 = 0, 5k-82-R=0, 72-8y-10 = 0. 



6. (J, -J,0), (f,0, i), (0, -J/,-y). 
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10. ±S^ = t = ^-^LA. 11. x = 2,y = 3. 

4 2-5 

Art. 171. Pagea 226-227. 
1. (0, 1, -3); (-10, -7, lil); (y, -i^, 1). 4. (3,1, J). 

S. '^—l=y+l = '''-J:. 10. 8n-!/-263 + 6 = 0. 

- x±2^y--Z_z-^ jj y-a ^ v-|-l _ s + 2 

14 1 ■ 11 M 7 " 

13. a{x-x{)-Vb(ji-y{) + c{-4--4{)^0. 

Alt. 183. Page 239. 

1. 3:2-^-22 = 0. 

2. (a) 3x + 2i/ = 2. 

(6) 2 «a + 2 yJ + e ya + fi « + f> a:;/ - 2 nr - 4 !/ - 8 2 + 4 = 0. 

(c) 63;-i + 6)^^- 4s^ + 16aj/- ISa: - 18;/ + 12 = 0, 

(d) \2^ + -ibz' + Uxy - Sx -iSiy -I 12 = 0. 

Art. 186. Pages 242-243, 

\. x-^!s = k, x+Sz = m.. 3. A = m=±V2. 
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Adiabatic expansion, 192. 
Agaeai, Douna Maria, 172. 
Algebraic functions, 41. 
Angle which one segment makes with 
another, 22. 

which one line makes with another, 
105. 

which a line makes with a plane, 
226. 

which one plane makes 
other, 218. 
Area of a triaugle, 26, 2S. 

at any polygon, 30. 
Asymptotes, 81, 18-?. 
Asymptotic cones, 243. 
Axes o£ coordinates, II. 

of ellipse, 62. 

of hyperbola, 65. 
Axis of parabola, 123. 

of pencil of planes, 219. 
Azimuth, 10. 



Cardioid, 178. 
Cartesian coordinates, 10. 
Caasinian oyals, C7. 
Catenary, 85. 



ss.) 

Circle, 55. 
Circular cone, 211. 

!, 242. 
Cissoid, 169. 

Classification of curves, 96. 
of quadric surfaces, 229. 
Clockwise, 9. 
Cofafitors, 150, 217, 
Colatitude, 106. 
Common chord, 163. 
Conchoid, 170. 
Cone, 286. 
Conicoids, 229. 

Conic sections, 110. 
Conjugate axis, 62, 65. 

diameters, 123. 

hyperbolas, 134, 
Construction of a surface, 228. 
Contour lines, 1.36. 
Coordinate axes, 11, 105. 

planes, 195. 
Coordinates, cartesian, 11, 

cylindrical, 197. 

of point of contact, 115. 

polar, 13. 

rectangular, 11. 

spherical, 196. 
Cosine curve, 43. 
Counlerclockwise, 9. 
Cross-sections, 229. 
Cubic curve, 83. 
Curves, algebraic, 169. 

), 245. 
Cusp, 176. 
Cycloii], 173. 
Cylinders, 210. 



195. 
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Damped vibrations, 87, 
Descartes, 10. 
DetermiDant, 26. 

form of equation, 59, 216. 
Determination of functional coire- 

spondeoce, 33. 
Diameter o£ conic, 123. 
Diodes, 170. 
Directed segments, 8. 

angles, S. 
Direction cosines, 200. 
Director circle, 114. 
Directrices of conies, 107. 
Directrix of a parabola, 66. 
Discriminant, 150. 
Discussion of an equation, 77. 
Distancebetween two points, 20, 199. 

of a point from a line, 104. 

of a point from a plane, 217, 
Duplication of cube, 170. 



Eccentricity, of ellipse, 62. 

of hyperbola, 65. 
Ellipse, 60. 
Ellipsoid, 2S0. 

of revolution, 210. 
Elliptic parat)o1old, 234. 
Empirical equations, 182. 
Epicycloid, 177, 
Equations of a line, 

of first degree, 98. 

of a plane, 213-216. 

of second degree, 107, 22 

of higher degree, 169. 

of tangents. 111. 
Equilateral hyperbola, 136, 
Exponential curve, 44. 



221. 



Four-cusped hypooycloid, 177. 
Function, 33, 

inverse, 45, 
transcendental, 41. 



General equation of second degree, 

145, 
Grapli of exponential function, 44, 
Graphic representation, 34, 
Graphs, 84. 

of, 34, 42, 



Harmonic range, 131. 
Helix, 246, 
Hyperbola, 63, 
Hyperbolic paraboloid, 236. 
Hyperboloid, 231, 2SS, 
Hypocycloid, 175. 



Intercept form, 58, 315, 
Intercepts, 38. 
Intersecting lines, 99. 



Latus rectum, 63, 66, 67, 

r,aw. S3, 

r*mnisoato, 68. 

Length of a segment, 20, 109. 

LimaQon, 172, 

Limiting cases of conies, 143, 166. 

of quadric surfaces, 236-237, 
Line, perpendicular to a plane, 226. 

through a point, 101. 

through tvi/o points, 57, 
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Lituus, 91. 
Locus of a po[nt, 53. 
Logarithmic paper, 189. 
spiral, 91. 



\[i h nes 48. 
Ma] ir axis 62. 
Maxioium 35. 
Midpoint of stgment. i 
Mininiuiii 35. 



Naperian logarithm 



Oblate, 210. 
Oblique asea, 
Ordinate, 11. 
Origin, 6. 
Orthogonal si 



Pairs of planes, 237, 
Parabola, 66. 

cartesian equation, 66. 

polar equation, 71. 
Taraboloid, elliptic, 234. 

hyperbolic, 235. 

of revolution, 210. 
Parallel segments, 23. 
Parameter, 73. 
Parametric equations, 73. 
Pascal, 172. 

lima^on, 172, 
Pencil of conies, 163. 

of lines, 100. 



EX 265 

Pencil of planes, 219-220. 
Periodic functions, 43, 
Pei^iendicular segments, 23. 
Plane, 213. 

through three points, 215. 
Plotting, 34. 
Point bisecting a segment, 24. 

dividing a segment in a given ratio, 
26. 
Polar line, 128. 

coBrdinatea, 18, 197. 

equation of circle, 69. 

equation of ellipse, 71. 

equation of hyperbola, 71. 

equation of line, 70. 

equation of parabola, 71. 
Poles and polars, 127, 
Position of a point in a plane, 10. 
Profile, 16. 
Projectile, 180. 
Projecting cylinders, 244. 



Quadrant, 12. 
Quadratic equation, 1 
Quadric surfacen, 2ii 



Hadical axis, 163. 

Radius vector, 13. 

Kectangular coordin.ites, 11, 196. 
hyperbola, 73. 

Keductlon to normal form, 103. 

Reflection properties, 120. 

Relation between rectangular coordi- 
nates and polar coordinates, 14. 

Removal of term in x^, 95. 

Kotatioii of axes, S2. 

Ruled surfaces, 238. 

Rulings on hyperboloiiis, 239. 



Hosted by 



Google 



Hosted by 



Google 



